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FOREWORD

The Engineering Certification Program -- Self-Study Course
will be published in four separate issues. Pages are numbered
consecutively throughout the four issues. Some pages have
been omitted and a page inserted to indicate the omissions.
This publication is numbered EM-7110-1. The three following
issues will contain the same number followed by "a', "b", and

IICII.

These specific publications do not follow our standard format for
Engineering publications and they are not of the printing quality

we prefer for publishing. But, due to the timeliness and value

of the excellent information compiled by Region 5, we are re-

printing the Self-Study Course without retyping so that it may

reach you as soon as possible. -

Fran Owsley
Editor




INTRODUCTION

This course is designed for men inspecting construction
projects in Region 5. It presumes that you have some, but not
extensive, high school training in mathematics and science. It
also presumes that you are interested in construction work and
want to increase your knowledge and ability to do a better job.
If you have this knowledge and ability, obtaining certification
should not be difficugt.

While we have all had formal education, many are unable
to see the need or benefit of this education until after the
opportunity for school has passed. We will try to show you how .
subjects studied in this course will be used and then concentrate
on learning the basic information.

Study the material assigned thoroughly, and then do the
homework problems. The problems will show you whether or not you
have learned the study material. If you have trouble with the
problems, go back and restudy the lesson material. Don't Jjust
try to get the answers. Understand what you are doing. If you
have questions that aren't answered in the study material, make .
a note of them and ask your supervisor.




Vertical curves in a F.ighway profile are parabolic,
rather than circular. The formula for the correction from
the tangent grade line to the curve-is

d=m

N o

Here we have parenthesis, a complex fraction, and a
term raised to a power, in this case squared.

The formula for the quantity of water flowing in a
roller gutter is

Wi
N

o - 2 (03752)8 s

The formula for flow in a triangular channel is

1
| é) 2 g
Q=0.56\N/ 8 Y3

And the grand-daddy formula from which these are
derived is the Manning formule

N

2
1.486 3
R

V= n S

If you are assigned as a plant man on & paving contract,
you will need to compute required weights and percentages of
aggregate to obtain a specified grading. o

\




How many pounds of sand with x grading, and how many
pounds of rock with ay and z grading are needed to get the

end nroduct. This involves ratio and proportion--again,
algebra o '

The work of the inspector requires many use for
algebra similar to those above. So emphasis on algebra is not

just something to trip you up in an exam--it's a branch of
mathematics you will use all through you career.
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SECTION 1

Algebra

1 - Basic Information

A - General

Generally, algebra continues the study cf
numbers and use of numbers started in arithmetic.
Addition, subtraction, multiplication, and division
are the same in algebra. The main differences are€
that the system of numbers is extended, letters are
used as numbers, and relations of numbers  are shown
as equations.

B - Symbols

Equation - The equation symbol =, is
shorthand for the expression "is equal to." Thus
2 + 2 =, or is equal to 4. All the terms to the left

of the equation sign are equal to all the terms to the
right of the sign.

The ¥ symbol means pot equél to.

The = symbol means is greater than; for
instance, 2 > 1. :

The < symbol means is less.than; for in-
stance, 1 < 2.

Signs - The functions of addition, sub-
traction, and division are shown using the same signs
used in arithmetic; +, -, and +. Multiplication is

‘somewhat different. The product of two numbers, let's

say a and b, are written a + b, a x b, (a) (b), or just
ab. The cross (x) is usually omitted because it may
be confused with the letter Xx.

¢ - Definitions

Negative Number - Any number with a minus
sign in front of it. For instance, temperature below
zero, a downdrade.

‘

Positive Number - Any number that is not
negative. Since most numbers are positive, the plus
eign is seldom shown in front of a positive number.

5
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Expression - The showing of relation by the

use of signs and symbols of algebra. Instances of
expressions are 2d, 6c - 3, 54 ¢+ t.

Term - If an expression consists of parts
connected by plus and minus signs, each part is called
a term. In the expression 6x - 4, 6x is a term and -4

is a term. The expression 6t - 4x + S5y + 7 has four
terms. ]
\

Monomial - An expression of one term.
Polynomial - An expression of more than one
term. A binomial has two terms, and a trinomial has

three terms.

Factor - A factor of a number is any of the
numbers that are multiplied to make the product.

For example, the factors of 3xy are 3, X,
and y. Another example is 40ab, for which®the factors
are 2, 2, 2, 5, a, and b.

.+ Prime Factor - A number that cannot be
factored any further other than by itself and 1. Has
40ab (above) been factored into prime factors?

For the most part, when expressions are
factored they should be shown as prime factors.

Coefficient - In products, any factor is
called the coefficient of the other factor.

\ ’ :
In 7cw the coefficient of w is 7c, 7 is the

coéfficient of cw, and c is the coefficient of 7w.

Many times the numerical coefficient is
said to be the coefficient of the term. If no coef-
ficient is shown, it is understood to be one.

Example: The numerical coefficient
of such terms as x, wxy, and abe is
assumed to be one. These terms are

1x, lwxy, and labsa.

Exponent - Where a quaritity is to be multi-
plied by itself two or more times, the number of times
it is to be multiplied by itself is written as a number




abovs and to the right. Thus, 3-3 is 32, Or X-X+X-X
is x*. iThe 2 and the 4 are exponents. The answer 1s
called a power. Thus x% is the fourth power of x.
Root - A root is the opposite of a power.
The number whose root 1is to be found is written under
the radical sign vV . 1f the square root 1is wanted,
no othér indication is given. 1If some other root is
wanted, such as 3 (cube) or 7 (seventh), the root
wanted is written in the notch of the radical sign.
For instance, the cube root of x is written VX .
: The relationship of power and root can be
demonstrated. o '

32 is 9; V9 is 3
4
44 is 256 U256 is 4

11 - Operating with Signs and Symbols

A - General

As stated under "Basic Information", it 1is
necessary to extend the number system in algebra.

Numbers of arithmetic are such that we can
apply every day guantities; for instance, in writing
8 - 5 = 3 we can think of taking 5 peaches from 8
peaches. This gets fouled up when you try to take 8
peaches from 5 peaches.

. ~ But numbers are abstract in nature and do
not need to be applied to any specific quantity.

The extension of the number system is done,
in part, by bringing in new numbers called negative
numbers.

The plus and minus signs used in arithmetic
only to show addition and subtraction now are also
used as integral parts of numbers.. This now brings
in double use of the addition and subtraction symbols.
This double use of symbols will not be confusing if
care is taken and the rules relative to the signs are
observed.

1f a number is written without a sign, the
sign is assumed to be +.




B - Adding Signed Numbers

1. Numbers with like signs

34+43=6, 4+4=28
3 4 (=3) = -6, “4 + (-4) = -8B

2. Numbers with unlike signs

A positive number added to a
negative number gives the arithmetical
difference and has the sign of the
larger term.. -

2

+4 + (=2)

+2 + (-4) -2

C - Adding Algebraic Terms

Terms with literal factors the same. are
called similar, or like terms. 6cd and 3cd are
like terms because they have the same literal
factors ¢ and d. It can be seen that 4ad and 7by
ar2 not like terms.

An example of adding like terms is:

(4 + 7)xy

4xy + 7xy

1lxy

D - Subtracting Signed Numbers

To subtract signed numbers the sign of
the number to be subtracted .(the subtrahend) is
changed and the numbers are added.

Example l: Subtract -30 from -60.

-50
-30

Change sign in subtrahend and add.
-60
-30

+
-30 (difference)

ERIC | 5 13




Example 2: Subtract -3ab from 4ab.
4ab ’
~-3ab

Change sign 1in subtrahend ‘and -add.

4ab
-3ab
+ .
7ab (difference)

Note: When subtracting, leave the original sign on
the subtrahend then change the sign and put
parenthesis around it. This will make checking
easier when the question "Did I change the sign"
arises.

E - Adding Polynomials

To add polynomials, arrange the terms in
order, like terms under like terms, and then add.
2

Example: Add 5x% + 1 - 3x, 2x + 7 - 4x%,
and 5 - 4x? + 3x

Solution:
2

5x< - 3x + 1
-4x2 + 2x + T
-4x2 + 3x + 5
-3x¢ + 2x + 13

Let x = 2 and substitute to check the
solution. -

Problems

Add: 1. 2x2 2. -4abc
+6x2 -9abe
g -5x2 +2abc
8x? +5abc

3 5x - 7y -~ 38 + 12

-3x + S5y + 92 + 15

5x + 4y - 78 - 17 '
2% - 8y + 48 - 11




F - Subtracting Pclvnomials

To subtract one'polynomialﬂfrom another,
arrange the terms in order, then subtract each term
in the subtrahend from the like term in the minuend.

Example: Subtract 5x - 4y - 58
' from 6x - 3y + 28,

6x - 3y + 28

+ 5x - 4y - 58
(=) _(+) (+) -
x + y + 78 (difference) -

Note that changing the sign in each term
of the subtrahend and then adding all the terms gives

the solution.
Problems

Subtract: 1. 3x + 2y + 9
' ‘ + 5

3 8a“ - 11
-4at + 1
. ,
4. c - 2d
4c + 4 - 3

G - Multiplying Signed Numbers

| A positive number times a positive number
gives a positive product. . '

+4 x +5 = +20; 3 x 6 = 18, etc.

(22

- 10
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A positive number times a negative number
gives a negative product.

Just as 4 X 5 is actually 5+5+5+5 or +20,
<o is 4 x (-5) actually -5-5-5-5 or -20, and -4 x 5 =
-20, etc. ‘

A negative times a negative gives a positive.

Just as 4 x 5 = +20 and 4 x (=5) = =20,
so does (-4) x (=5) = +20.

H - Dividing Signed Numbers

Since division is the reverse of multipli-
cation, from the above, we determine that if

(+4) x (+#5) = +20 then +20 # +4 = +5

also +4 x -5 = -20 then -20 + +4 = =5
and -20 ¢+ -5 = +4
also -4 x -5 = +20 then +20 £+ -4 = -5

From these we get the general rule for
division: '

The quotient of any two numbers having the
same sign is positive, while that of two numbers of

opposite sign is negative.

o)

Examples: =

|
njoy

o
[

3;

]
wolon

III - Algebraic Operations

A - Grouping

parenthesis ( ), brackets [ ], and braces{}
are symbols used to show that terms within the symbols
are to be ccnsidered a single guantity. These symbols
are handy to show the sum or difference of two or more
expressions.

Example: (8a + 2y + 3a) + (7a + 3y + 28) or

(7p - 3x + 24d) (7b + 3x -4) .

11 ’ \
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In multiplication the symbols can be used
to show what expressions are to be multiplied.

Example: (c + d)(r + s)

This means the sum of ¢ and d
is to be multiplied by the sum of
r and s.

Example: c + d(w + @) = c + dw + de

Following are rules relative to use of
parenthesis and other grouping symbols:

To remove parenthesis preceded by a + sign,
write the enclosed terms with their given signs. To
remove parenthesis preceded by a - sign, write the
enclosed terms with their signs changed.

Removing parenthesis that are enclosed
by other parenthesis: .

Rule: When one set of parenthesis
is enclosed by another, remove
one set at a time, beginning
with the innermost set.

Example: Remove parenthesis and_simplify:
2x - [x - (3x + 4) - 1]

.Solution:

2% -~ [x - 3% - 4 - 1]

2% - X 4+ 3x + 4 + 1

4x + 5 )
Problems i

Remove parenthesis and simplify:

1. [a - (3a - 2))

2. - {3x - (4y - 5#) i 2y}

3. {[x -5 -8]+ 2x};




B - Powers and Exponents

powers - A power of a number is the product
obtained by using the number as a factor one or more
times.

Examples: The third powef (cubed) of 3x is
the product obtained by multiplying 3x-3x*3X =29k3

The fifth power of 2m is

2m-2m-2m-2m-2m = 32m5
The number of like factors to be used is -7
indicated by means of an exponent. :

: Exponents - An exponent is a positive integer
written to the right and slightly above another number
to indicate how many times the number occurs as a factor

Thus 52 means 5 x 5 or 25

34 means 3 x 3 x 3 x 3 or 81
m3 means m-em-m

2 means 7-m-m

7m
n2 + n4 + 3n3 - 5n? is read n squared, plus n
to the fourth power, plus 3n cubed, minus 5n squared.

If the exponent is 1, it is usually omitted
but understood to be present. Thus x means x! and 3n
means 3n-—. .

Multiplication with Exponents = The exponent
of any letter in a product is equal to the sum of the
exponents of that letter in the factors.

Therefore: a¢.a3 = (a-a) x (a-a-a) = a-a-a-a-a = a”

22.a3 = a2+3 = a5

Similarly: x-x4.x3 = x-(x-x-%X-%x)-(x-x-x) = xl+4+3 = x8

Also: 3-33.35

!

3.(3.3.3)'.(3.3.3.3.3) = 314345 - 39
In general terms: n@ x nP = natb .

13
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When like exponentials are multiplied, the
exponents are adcded.

Additional Exam?les:

nx3:x2 = hx¥*2 = hx®

2d.a3 = 2a1*3 = 244

5xy2,x3y4 = 5xl+3-y2+4 = Sx%y6
(+7x2) - (-3x3) = -21x°

Division with Exponents - The exponent of

.any letter in a quotient 1is equal to the exponent in the
dividend minus the exponent in the divisor.

Therefore: n° 2 n3 = n5.= A-A-A.n-n = n®
| nd AAA
But: n2 =nd3=3 or n° = n>-3
n3
S g 5 2 - 25 = = 25-%_ 53
Similarly: 22 # 2¢ = 22 = Z.2.2:2-2 = 2 = 2
27 Z-7
Also: 2b3 = 2.¥.B.b = 2b372 = 2p
\ ' b B-¥
Again: cd? = c-d-d-d.d-4 = cdad®-4 = cg
as g-A-d-d
In general terms: n? & nP = na-b

When like exponentials are divided, the
exponents are subtracted. .

When a letter appears with a higher ex-
ponent in the diviscr than the dividend, the quotient
will be most conveniently expressed in fractional form
with the excess factors of the letter appearing in the
denoiminator of the fractic.

3

Thus 12x° ¢ 6x! = 12x3 = 2

It often happens that a letter appears with
the same exponent in both dividend and divisor.

i

-~

1

P
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Since x¢ + x° =1
and x° + x2 = x*7% = x° .
(Note: Any power having a
2 2,__ o _ 1s 1
then x< ¢ x° = x~ =1 zero exponent equadils )
Also a’b? & ab? = 5.p2 = a%* x 1 = at

a &k
a 57

Therefore, a letter or number with the same
exponent in both dividend and divisor should not appear
in the quotient.

Additional Examples:

n4bc3 = n2b

n<c

22m3n5 + 22n5 = m3
3x2 3z =

4%y 42
4xcy<2 ij

Negative Exponents - Any guantity with a
negative exponent 1is equal to the reciprocal of that

guantity. with the corresponding positive exponent.

Example: x3 = x3 = 1
X5  x3xZ  xZ
But: x3 = x3°5 = x~2
3]
Hence: x~2% = 1
%2
In general: a~n = a%™n = a9 = 1_
al an
In like manner: 1 __ = 1= af
- e 1
an

Square Roots - The square root of any nunmber
is one of the two equal factors whose product gives the
monomial. To take the rog% of an exponent, divide the
exponent by the rcot. X = x2

)
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Examples:

- V32 =Vo =3
V32.42 = V144 = 12
V4m2 = 2m
V9m6 = 3m3 o
V25a2m4 = Sam2
V64m4x2 = 8m2x
PROBLEMS
Maltiplication with Exponents
1. 6x-3x
2. t3.t (Ans. t%)
* 3. (=3n)(4n3)
4. -y2(yd) (Ans. -y°)

(-3x) (-5%°)

(6n3y) (-2y2)

(-2n)2(3nk)

(szﬁz)2

(Ans.

-12n3y3)

32

52
.(2m)2
(3m3)2 = 3m3-3m
(5am

(8m2x) 2

10.
11.

12.

13.

15.

9

= 25

5-5

4m2

2m-2m =

3 6

= 9m

25a2m?

2)2 Samz-Sam2

8m2x~8m2x 64m4x2

&

253 (3ds?)
(2p) (-3p2) (5p)  (Ans. -30p"
(-éxém)(3m2)3

(Ans. 49x%y?)

(7x2y2)2

(—3m2p2)(~3m2p2y)

5mn(-3m2n) (Ans. -lSﬁanz)

2n2p (-3np?) 2
Q




Division with Exponent;
1. y7 + y3 | 9. a’d + alsd2
‘ 2. -al2 4 d4‘ (Ans. -ds) ‘ 10. 2x2 { x=2  (Ans. 2x%) )
3. -5y & (-2y°) | 11. a + a”?
4. 39a?d7 + 3a4d4(Ans. ;ggi)fz. 4n5p4 + n—3 (Ans. 4n8p4)
5. 3exipd + exp? 13. a2al2p18c15 & 741012
N _

6. 49x°y’ + 7 (Ans. Tx°y') 14. 12x°y% : 3x7y?  (Ans. 4 )
X

7. 75a%5n + (-25a%n)  15. 50x'yz + 100x2y 'z

8. -56m%n2 + (-4m¥n?)

(Ans. 14)

Find the value of the positive square
roots of: :

1. 4m2 - 6. v25m2x6 (Ans. 7mx7)

-

3
3. 16y4> ‘ | 8.. V32-9 (Ans. 9)
4. V2sa2a®  (Ans. 5ad’) 9. V22.3%.57

5. yggg€;§ , 10. Vé-lG-éS (Ans. 60)

32,
2
-
O
oo s
O

'{!%“
Gilbegs
()
o W/




C - Multiplying Polynomials by Monomials

To multiply a polynomial by a ménomial,
multiply each term of polynomial by the monomial.

Example: Multiply 6x% - 3xy + 4y
~ by -2xy

Solution:
6x° - 3xy + 4y2

, - 2XYy
~12x3y + 6x2yZ - 8xy?

'

Using parentﬁeses, try solving the
following by observation:

—2a(a2 - 3a + 1) = -2a3 + 6a2 -2a
Problems
Multiply

1. 2{x° - 3x + 1)
2 3 e (8t3 + 6t2 + 1)
3. -2ab(b> - b + a)

é

4. =2y(-x - vy)

D - Multiplying Polynomials by Polynomials

Rules for multiplyingqulynomials by .
polynomials:

1. Arrange terms.

2. Multiply each term in the multiplicand
by each term in the multiplier, writing
like terms under like terms.

3. Add like terms.

Example: Multiply 2x% - 3x +'1 by

3x - 2
mn
%)
18

e




Solution:

ax? - x4+ 1
3x = 2
6x3 - 9x< + 3X
= 4x2 + 6x - 2
6%° - 13x4 + 9x - 2
Problems
Multiply

......

1. a + 5 by a+ 11
2. 3c + 4d by 3c + 4d

3. 2a -5by 3a+5

4. 7c? 4 2¢ - 5 by -¢c - 3

E - Dividing Polynomials by Monomials

To divide a polynomial by a monomial,
divide each term of the polynomial by the monomial.
- 6a3x3 + l4a4x5
- 2ax¢<

= 4a’x? - 6a3x3 + l4a4x5
-2ax*< -2ax? -2ax*

_2a + 3a’x - 7a3x3.

Example: 4a°x?

_ The student should be able to omit the
middle step above.

Problems
Divide
1. 17v3 - 34v2 - 51v
- 17v
5. 3Nnt? - 2N
P 3 N N 4
3 -ot? - 183 - 27¢°
9t
24

19

O - . "




F - Dividigg_PQ;ynomials by Polynomials

To divide one polynomial by another

l. Arrange dividend and divisor in des-
cending order of any letter.

2. Divide the first term in the dividend
by the first term in the divisor and
write the result as the first term in
the quotient.

3. Multiply each term in the divisor by
the firgt term in the guotient and
write the product under the dividend,
writing like terms under like terms.

4. Subtract like terms.

5. Bring down the next term of the divi-
dend, or bring down more than one if
needed.

6. Divide the first term in this remainder
by the first term of the divisor and
write the result as the second term in
the quotient.

7. Continue multiplying, dividing, bring-
ing down, dividing, etc.

Examples: Divide 6a2 ~ 6x° - Sax

by 2a -~ 3x
Solution: -
3a_+ 2x
2a - 3x 6al - Sax - 6x°
6a? - 9ax
4ax - 6x%<
dax - 6x2

Divide v® + 2vw - 16w?

by v - 3w

2
20




Solution:

v - 3w 7—\122 + 2vw - l,6w2
v

- 3vw
— 4 5vw - 16w§
+ Svw - 15w*

—

Answer: = v + 5w, remainder -w2

Problems

1. 6r2 + 9r - 42

2r + 7

2. x2 + Xy - 2y2
X -y

3. g2 - 58 = 50 )
8 + 5

4. 13r2 + 144rt + 11t2
T+ 11t

IV - Simple Eguations

-

In this part of algebra we will study linear
equations of the first degree. The degree of an equa-
tion is the degree or power of the highest term.

_ - An eguation is defined as a statement of
equality between two equal numbers or number symbols.

Examples: 5 + 12 21 - 4

Ix + 5= 7Tx - 9 - 4x + 14
3y - 7 =28
m2 - 2m - 8 = 0
The partﬁof the equation on the left of the
equality sign is called the first or left member of

the equation; that on the right, the second, or right
member . '

20-A
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In an equation the letter whose value is
sought is called the unknown letter or the unknown.

The process of finding the value of the
unknown in an equation is called solving the equation.

.-1f the value found for the unknown is sub-
stituted for the unknown in the given equation and
if, when the result-is simplified, the left member of
the equation becomes jdentical with the right member,
then the value found for the unknown is said to
satisfy the equation.

A number or number symbol which satisfies
‘an eduation is ‘tailed a root of the equation and the
process of substituting the root for the unknown is
called checking the solution.

Examples: 5x = 20
x = 20

5

x = 4

The value x = 4 satisfies the equation and
consequently is the root of the equation.

7x - 5 = 16

Ix = 21

x =21
=

x = 3

Axioms ~ An axiom is a statement whose truth
is accepted without proof.

In solving equations constant use is made of
five Axioms. :

Axiom I - If the same number is added to each
member of an equation, the result is an equation equiva-
lent to the original one.




~

Example: Adding 5 to each member of the
equation x - 5 = 2 gives the

equivalent equatior x = 7.
(x - 5) +5=2+5
' X -5+ 5=2+5
» X =7
Axiom II - If the same number is subtracted

from each member of an equation, the result is an
equation equivalent to the original one.

Example: Subtracting 8 from the equation
x + 8 = 18 gives the equivalent

equation x = 10.

Or: x + 8 = 18

(x + 8) - 8= 18 -8
x4+ 8 -8=18 - 8
x = 10

: Axiom III - If each member of an eguation
is multiplied by the same number, .the result is an
equation equivalént to the original one.

Example: Multiplying each member of the
equation 1/2x = 3 by 2 gives the
equivalent equation X = 6.

Or: 1/2x = 3 .

1/2x{2) = 3(2)
2/2x = 6
X = 6
Axiom IV - If each member of an equation 1is

divided by the same number, the result is an equation
equivalent to the original one.

Example: Dividing each member of the equation
2x = 6 by 2 gives the ‘equivalent
equation x = 3. R
N 22
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Or: 2x = 6

oy

2x/2

X =3
Axiom V - A term may be divided by a’

number as long as the term is multiplied by the
same number and the value will not be changed.

6yx 6yx(2x) = 6yx no change
2x

Remember this: What you do to one side of an
equation you must do to the
other.

Example of solving and checking equations:

Solve . 5 - 2 = 3
Adding 2 to each member 5 = 3

Subtracting 3x from each member 2x = 8

Dividing each member by 2 X = 4
Check: Substituting 4 for x - (55(4) -2
20 - 2

18‘

Hence 4 is the root of the original equation.

QOral Exercise

Solve the following equations and state
used.
X -3=28 k =5 = =3 y - 2 = =2 -5 + x
X+ 5= -4 k+5=25 8+y=0 X+ 1
1/2x = =5 l/éy = =2 1/4m = 3 1/2x
5x = 75 7y = -21 3k =9 ' 16

o 0O
W o

X + 6

(3) (4) +

12 + ©

18

Axiom




-4 + X

z - 1=

1/3k
-30 =

Example

5x

of problem solving:

—

A farmer has 380 chickens which -are divided

into three flocks. The second flock contains twice as
many chickens as the first, and the third flock 20 more
than three times as many as the first. How many chickens
are in each flock.

" "solution: ‘' The verbal:staiement of - the.esation .

is number of chickens in first flock
+ number in second + number in third =

380
Let x = number of chickens in first flock
then 2x = nuhber of chickens in second flock

and 3x + 20 = number of chickens in third flock

Substituting in the verbal equation:

x + 2X + 3x + 20 = 380

Collecting: 6x + 20 = 380

Subtracting 20: 6x + 20 = 380, 6x + 20 - 20 = 380 - 20

6x = 360
Dividing by 6: $x = 360  or x = 60
[4 6

Number in first flock 60

Number in second flock = 2x = 120

Number in third flock = 3x + 20 = 200




Rules .to follow in problem solving:

1. Read the problem carefully, noting the known
and the unknown numbers and the statement which w111
later be expressed as an equation.

2. State the implied equation briefly in words,
using the symbols of operation +, -, X, 4, and the
equality sign.

3. Represent one unknown number by some letter
such as x, y, etc., and the other unknown by means of
algebraic expresalons involving thls*lette*

e

statement of the implied equation.
5. Solve the resulting equation.

6. Check by substituting in the statement of the
problem, the values found for the unknown.

PROBLEMS

Solve the folléwing equations and check the
results: ' ’
1. 2 + 3x = 2x -.3 6. 2k - 7 = 5k + 8 (Ans.
2. 3y -5=3+y (Ans. y = 4) 7. 5y - 4 = 10 + 12y
3. 3 +8=10 -k 8. 2x - 2 = 4 + 3x (Ans.
4. 2x -~ 15 =x - 15 (Ans. x =0) 9. 7 4+ 3n -6 =n -1
= 2y + 12 10. x - 3 - 4x =

5. Ty + 12

11. The perlmeter of a rectangle is 72 feet. 1Its length
is 4 feet greater than its width. What are its dimen-
sions?

12. One number is four times another. Theif sum ‘is 45.
" What are the numbers? (A.aa..—as._.ﬂ-y-—a-é)
¢ qﬂﬂ* 3‘0‘/

k

X

X =

‘4. Substitute these expressions in the briefi -~ = '

7 - 5x (Ans.

-5)

5)




13. A rectangular lot is three times as deep as it is
wide.  The fe:nce around it is 400 feet. What are

its dimensions?

14. A flagpole is half as tall as the building on which
it stands. The top of the pole is 135 feet above
the level of the ground. How long is the pole?
(Ans. 45 feet)

=

15. The perimeter of a triangle is 42 yards. The firset
side is 5 yards less than the second, and the third
:g 2 yards less than the first. What are the lengths

of each side?

16. The sum of three numbers is 75. The second is twice
the first and the third is 5 more than four times
the first. What are the numbers! (Ans. first = 10,
second = 20, third = 45) ‘

17. ©One number is seven times another and their difference
is 216. What are the numbers?

18. A swimming pool is three times as long as it is
wide. The difference between the length and width
ig 40 feet. What are the dimensions? (Ans. 20 x 60)

19. The second of four numbers is 3 less than the firgt,
the third is 4 more than the first, and the fourth
is .2 more than the third. Their sum is 35. What

are. the numbers?
\

20. Three groups of men are employed to clean streets.
Group 1 is twice as large as group 2 and group 3 is
as large as groups 1l and 2 combined. There are 72
.miles of streets. How many blocks should each
clean if there are 10 blocks to the mile? (Ans.
Group 1 = 240 blocks, Group 2 = 120 blocks, Group
3 = 360 blocks) . ‘

Transposition - A term may be omitted from
one member of an equation if the same term, with its
sign changed from ~ t{ + or from + to -, is written
in the other member. This process is called trans-
position. (Based on Axioms I and I11)

Example No. 1
"Solve 4x - 5 = 19 (2)




ROTOYIFR I

Adding 5 to each member, (Axiom I), we get
"4x - 54+ 5 =19 + 5
In the first member - 5 + 5 = 0. Hence
these two numbers may be omitted, and the
equation becomes ’
4x = 19 + 5 (1)
X =6
Check: Substituting 6 for x in (1)
24 - 5= 19
19 = 19
Comparing (2) with (1), we see that -5 has
vanished from the first member of the original equation
and that +5 has appeared in the second member of the
new equation. The number +5 has really been added to
both members of the equation, but the effect is the
same as if the -5 had been omitted from the one member
of the equation and written in the other member with
its sign changed from - to +.

Example No. 2

Sclve 7x = 6xX + 16 (1)

If we apply Axiom II and subtract 6x
from both members we get 7x - 6x = 16. (2)

Combining x = 16
Check: Substituting 16 for x in (1)
7(16) = 6(16) + 16
112 = 26 + 16
112 = 112

)

Hereafter, instead of going through the de-
tails of adding a number to both members of an equation,
(or subtracting a number from both members), we shall

1 9

4

Lo
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use transposition. We should remember, however, that
the transposition of a term is really the addition of
that term to (or tne subtraction of it frcm) each
member of the equation. .
Like terms in the same member of an equation
should be combined before transposing any terms.

Cross Multiplication

Application of Axioms III and IV.

To eliminate the coefficient of an unknown
term follow Axioms IV and V. If the coefficient is
on top, put it on the bottom; if the coefficient is
on the bottom, put it on the top. (i.e. on other side
of equation.)

2x = 4 x =4 Axiom IV x=4 x = 4(2) Aiidmblll‘
2 ’ 2 :
x =4 - Xxe$8

Example No. 3 (Using transposition and cross multiplication)

Solve 14x - 11 + Bx + 9 - 3x = 5x + 2 + 12x - 20 (1)

Combining 19x - 2 = 17x - 18

Transposing 19x - 17x = -18 + 2 (Axioms I and TI)
2x = =16

Cross

Multiplication x = -8 (Axioms 111§ I

Check: Substituting -8 for x in (1)

112 - 11 - 64 + 9 + 24 = -40 + 2 - 96 - 20
Combining | -154 = -154

, Hence -8 is a root of the equation; for upon
substituting -8 for x the equation reduces to an identity.

PROBLEMS

1. 5x + 4 - 2x = 25

]

]

2. 11 + 5y + 1

y + 12 (Ans. y = 0)




3. 5% - 0 = 19 + 3x

|
S

4. 5n + 13 - 4rn + 2 =8 - 5n - 5+ 8n (Ans. n = 6)
5. -2x + 1 + 5% - 6 + 3x + 18 - 25 = 0O
6. 4p - 9p + 9 + 5p = 7p - 12 (Ans. p = 3)

7. 0=17n -~ 18 - 5n + 27 + 6 + 45

s . F
agBr o :

Do

8.7 2x - 8'="4x - 7= 2x +75 - 7x + 7 (BAns. x = 9)

S. 2n + 13 - 3n + 3 = 7n + 16 4n - 8

10. 4x

17 + 15x - 31 - 10x + 3 = 0 (Ans. x = 5)

11. 5p - 13 - p = ~-27 - 7p - 8

12. 0 = 2y - 2 - §y + 14 (Ans. y = 3)
13. 5x - 4 + 6x - 40 = 0O

l4. 5+ 2p - 3p+ 3 =p -2 (Ans. p = 5)
15. n+ 1 - 2n + 3 = 4n + 22

16. The sum of two numbers is 73 and their difference
is 19. what are the numbers? (Ans. n = 27,
n + 19 = 46)

17. The sum of the three angles of a triangle is -
always 180°. 1In-'a certain triangle the second
angle is 15° greater than the first and the

. , third is 10Q less than three times the first.
e ) Find each angle.

[y

¢)
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18. The sum of three numbers is 60. The first is
7 less than the second 2nd the third is 3 more
than twice the second. What are the numbers?
(Ans. 9, 16, and 35)

19. There are two numbers such that the first is
five times the second and the first is also 64
more than the second. what are the numbers?

20. There are twc numbers’such that the larger is
three times the smaller. If 8 is added to the
larger, it will be five times as large as the
smaller. Find the numbcrs. (Ans. 4 and 12)

V - Formulas

Formulas are literal equations which express
‘rélaﬁionships»between«centainuquantities as applied to
the sciences; such as in physics and engineering.

For instance, the formula for the distance
traveled by a falling object acted on only by the
force of gravity is: s = 1/2gt

distance traveled
acceleration due to gravity
time object has traveled

Where: &
g
t

Many such formulas are used in engineering

and sciences. It is necessary for the student to be
able to solve a given formula for the other values or
variables. '

For instance, if we solveé s = 1/th2 for g,
we get g = 28 ‘

tZ2

This solution was completed 1in accordance
with the rules set out under "IV - Simple Equations".

PROBLEMS

1. In E = 13, solve for 1

2. In I = prt, solve for t )

30




3. In X = 27JrfL solve for L

Vi

4. In S 1/2{a + b + c), solve for b

gl

5. In W =F2TR, gsolve for R
P

6. In myvy + mpvp = (mp + myjv, solve for m,

7. InC

5(F - 32), solve for F
9

8.:In Q = WS(T, - T,), solve For' T,
9. InK=¢g . solve for tj

VI - Simultaneous Solution of Equations

A - General

By now we have studied and learned to solve
monomial equations, egquations with one unknown, by
| various methods.

il

Example: 2x + 4 20

when x = 8

Also we have studied polynomial equations
with more than one unknown. Now we will learn to
solve polynomial equations by various methods. 1Inde-
pendent equations with more than one unknown and which
have common solutions can be solved by the following
' methods:
\

(a) Elimination
1. By addition or subtraction
2. By substitution
3. By comparison’

(b) Graphically

i. Plot the eguations




Rule of Thumb:

There must be as many equations as there
are unknowns before you can solve for the unknowns.

Example: One unknown needs one egquation.
Two unknowns need two equations.
Three unknowns need three equations.
n unknowns need n equations.

B - Elimination

By elimiration we try to eliminate all the
unknowns but one; this will give us a monomial equa-
tion which we have learned to solve.

Aa) - Addition or Subtraction

Rule: 1If necessary, multiply the given
equations by such numbers as will make the coefficients
of one of the unknown quantities in the resulting
equations of equal absolute valu... Add or subtract
the resulting equations accordingly as the coefficients
of equal absolute value are of unlike or like sign.

Given:

71

(1) 2x + 9y

(2) 12x - 9y = -15

7Y

Solve for x and y
Solve for x by addition.

Note: We need not alter these equations
: to add; the y term will drop out.

Solut.ion:
2x + 9y = 71
Add 12x - 9y = =15
14x + 0 = 56
1l4x = 56
Xdx = 56 Divide both sides by 14
X4 14 ‘
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1

4

x
]
wm

X =

Now let us find the value of y this time
by subtraction.

Given:
- (1) 2x + 9y = 71
. (2) 12x - 9y =-15

Note: If we subtract these two equations as
they are now, we will-not-eliminaie “the-
unknown x term. Therefore, we must do
something to one of the equations in order
to make the x terms equal, so when we sub-
tract the x term will be eliminated..

Let us multiply equation 1 by 6.

(1) 6(2x + 9y 71)

(l-R) 12x '+ 54y = 426
. Now the x terms of equation (1-R) and (2)

are equal and we can proceed to subtract equation
(2) from equation {1-R).

(1-R) 12x + 54y = 426
(2) 12x - 9y = -15
(=) (+) (+)

0 + 63y = 441

To subtract, change the sign and add

63y = 441
g3y = 441 Divide both sides by 63
g2 63 .
y = 441 -
63
y =7

[}
~J

Now check the answer x = 4, Yy




Substitute into either equation 1 or 2.

x = 4 (1) 2x + 9y = 71

y = 7 . 2(4) + 9(7) = 71

, 8 + 63 =71
71 =

71 Answer checks

(b) - Substitution

Rule: From one of the given equations
f£ind the value of one of the unknown quantities in
in terms of the other, and substitute this value
in place of that quantity in the other equations.

Given: )
(1) 2x+ 9y = 71
(2)" 12% - 9y = -15 B - : L e werwe wt g st
T First let us solve eguation (1) for x |

in terms of vy.

(1) 2x + 9y =71
2x + 9f - 94 = 71 - 9y Add -9y to both sides

2x = 71 - 9y

2x = 71 - 9y Divide both sides by 2
F 2
x =71 - 9y
2

Now we have x in terms of y.

Next substitute the value of x in terms of
y into equation (2) and solve for y.

(2) 1l2x - 9y = -15 x =71 =~ 9y
2
12(71 - 9y)- 9y = -15 substitute for X

2
- 12(71) - 12(9y) - 9y = -15
2 2

426 - 54y - 9y = -15 .




428 + f2 - 5S4y - 9y = -15 - 426 1Add-426 to

both sides
-63y = =441
(-1) (- 63y)= (-1){- 441) Multiply both sides by (-1)
63y = 441
%%y = 441 Divide both sides by 63
63
y = 441
63
y =7 | S

Now that we know the value of y we can substitute
it into equation (2) and solve for X.

(2) 12x - 9y = -15 y =17
12x - 9(7) = =15
12x - 63 = =15
12x - $2 + gZ = -15 + 63 Add 63 to both sides
12x = -15 + 63

12x =

Z

48
§Zx = 48 Divide both sides by 12
12
x = 48

12

4

Now let us check our answer by substituting
our values of x and y into equation (2) this time.

(2) 12x - 9y = -15

12(4) - 9(7) = -15
.48 - 63 = -15
-15 = -15 Answer checks
35

41




(e) = Comparison
, ‘Rule: From each of the given equations
find the value of the same unknown quantity in terms
of the other, and place these values equal to each
nther.
Given:
(1) 2x+9y= 171
(2) 1l2x - 9y = =15 -
. First solve equation il) for,x in terms of y.
(1) 2x + 9y = 71
2x + 9¢ - 9 = 71 - 9y
2x = 71 - 9y

o sipe
 x= 1) - 9y

. Second, solve equaiion (2) for x ih terms of y.
(2) 1:2x - 9y = -15

g + 9 = -15 + 9y

12x = 9y - 15

x = 9y - 15
5% 12 '

12x

x = 9y - 15
12

Now equate the two values of x.
From equation (1) x = 71 - 9y
2

From ‘equation (2) x = 9y - 15
’ 12 ‘

36

:",‘
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71 - 9y ?,:!s!ii:;__ Sy - 15 Cross multiply
12

12(71 - 9y) = 2(9y - 15)

852 - 108y = 18y - 30 Mu;tiply out

-108y ~ 18y = -30 - 852

-126y = -882
(<)-126y = (-)-882 Multiply by (<)
126y = 882
y = 882
126
y=7

Now we have the value of y.

Substitute this value into either equatlon (1)
or (2) and solve for x.

(1) Zx + 9y = 71 |
2x + 9(7) = 71 y =7
2Xx + 63 = 71
2x + BZ - g = 71 - 63

2x = 8
el
.2
x=8
2

x =4

Now let's check our answer.




Equation (1) 2x + 9y = 71
x=4 y=17
2(4) + 9(7) = 171
8 + 63 =71

71 = 71 Answer checks

C - Graphically

Rule: The common point or points of inter-
section are the values scught.

1. Plot the equations.
Given:

(l)r2x+9y- 71

(2) 12x - 9y = =15
Step One: By inspection we see both of these
v equations fit the general type of a straight
. line equation. Find the X and y intercepts of
each equation by first, setting x = 0, and

find the corresponding value of y. Then set
y = 0 and find the corresponding value of x.

(1) 2x + 9y =171

x =0 2(0) + 9y = 71
9y = 71
y = 71/9
v o y=17.9
y =0 2x + 9(0) = 71
2x = 71
'x = 71/2
x = 35.5

Now the x and v intercepts of equation (1) are
y = 7.9, x = 35.5 '




(2)

x =0

12x - 9y = =15
12(0) - 9y

- 9y
(=) - 9y
9y

Y

Y
y =0 12x - 9(0) =
. 12x. =

X =

X =

-15

-15

-15
12

-1.25-

Now the x and y intercepts of equation (2) are

y = 1,67, x = 1.25

Next, plot the two equations.

The point

at. which the two lines cross is the solution to both
equations.
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10.

3x -
2X +

9x -

2a +
5a -

3/2t
2/3t

Sr
ér

am
2a -

3a +
2a -

PROBLEMS

Solve by both addition and subtraction:

4y = =2
4y = 12
Answer x = 2, y = 2
8h = 35
h = 2
158 = =27
7¢ = =9
Answer X = 2, 8 = 3
7b = 5
9 = -3b
+ 4/3v = =1
+ 1/4v - 71/12 = 0O
Answer t = 2, v = -3
s+ t=28
28 + 2t = 10
48 + 5t = 11
Answer r = -2
s =3
t =7
Solve by substitution:
y =1
y=>5
4b = i
9b = 3 _ -
Answer a = -3, b = -1
2b =1
3b =5
y=1
3(1 - 2x) = 5

Answer x = -1/2, y = 3/2

41
4/




11. 4a - b =20
3b + 2a = 42

12. 4y + 6x = =9
= -1

by + 4x
: Answer x = —2.5, ¥ ¥ 1.5

Solve the following by any method:

13. The sum of two numbers is 30 and their difference
is 5. Find the numbers.

14. Two men borrowed a total of $90. One man borrowed
$5 more than the other. How much did each borrow?

15. The sum of 7 times a smaller number and 3 times a
larger number is 46. If 2 times the larger is
subtracted from 9 times the smaller, the difference
is 24. Find the numbers. Answer 6, 4.

VII - Products and Factoring

"rmerm", "factor", and "prime factor", have
peen defined in the first portion of this course. It
would be well for the student to review the definition
of these words.

In arithmetic we learned the multiplication
tabl. to make the solution of everyday problems less
complicated. Everyone can see why it is necessary to
remember that 4 » 3 = 12. Similarly, it is somewhat
necessary to remember that the factors of 15 are 3:and
5.

In order to remember these products and
factors we had to memorize them.

For students of algebra it 1is convenient to
remember certain special algebraic products.

A - special Products

1. A Binomial Squared - "Squaring a binomial"
means to obtain a product such as (x + y)(x + y) or
(x + y)2 = (x + y)(x+y).

L2
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1

The product is

2 + 22Xy + y2

(x + y)2 = X
X and y are any cwo numbers, and this
product should be remembered as a formula.

Stated in words the formula is: The square
of a binomial is the sum of the sguares of the two terms
plus two times their product.

) . *

PROBLEMS

By inspection, write the products of the
following:

2

1. (a + b)2 Answer a‘ + 2ab + b

2. (2x + 3c)?

! 3. (w2y - 1)? Answer w4y2 - 2wly 1 1
4. (6a%n - 2)2
5. 322
6. 182

2. Product of the Sum and Difference of
Two Terms .

The product of (x + y)(x - y) = x?2 - y2

Stated in words the formula is: The product
of the sum and difference of two terms is equal to the
square of the first minus the sguare of the second:.

Multiplied out (x + y)(x - y) =

I
y X 4+ y
ii X -y
| -xy - y?
X2 + xy . '

<2 i




By inspection, write the products for the
following: :
1. (a - b) (a + b) y Answer a2 - b2
2. (x + 4)(x - 4)

3. (B3 -5+ 5 Answer b® - 25

4. (6 - y) (6 + y)

S (21) (19)

wul

3. Product of Two Binomials Wwith a
Common Term

- consider the product of the two binomials
(x + y)(x + 8). This product follows the formula
"The product of two binomials with one common term
equals the square of the common term, plus the pro-
duct of the common term and the_ sum of the other two
terms, plus the product of the different terms."

Following the formula we' have:
Given: Find product of (x + y'(x =+ 2)
Sguare of first term = x?

Product of common term anG sum
of other two terms = Xy + 8)

product of other two terms = Ve
Answer = x2 + X1y + 8) + y8
PROBLEMS

Using the formula, write the following
products by inspection:

1. (8 - 2) (& + 5) Answer gl + 8 - 6

)

2. (y + 7) (y = 9)




3. (2 - t)(3 - t) Answerv6 - 5t + t2

4, (4n + ¢)(4n + 2¢)

5. (ab - 5)(ab + 6) Answer a2b? + ab + 30
61 (7 + r)k? + 3r)

4. Product of Two Binomials With Like
Terms

The following product gives a formula for
this type:

(by + c)(dy + e)

2

= bdy“ + (be + cd)y + ce:

Example: Multiply (2y + a)(3y - 2a)
First Step: Find products of like terms,

/f\\
(2y + a)(3yv— 2a)

(2y) (3y) = 6y2 -~ |

and (2y + a)(3y - 2a)

~

= -2a¢

Second Step: Find the middle or cross product
term.

(2y + a) 3y - 2a)
(2y) (-2a) + (a) (3y)
= -4ay + 3ay

= -ay

Third Step: The product is the algegraic sum
of the products obtained above:

(2y + a) (3y - 2a) . ,

= 6y2 - ay - 22
45
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PROBLEMS

Using the formula write the followingy
products by inspection:

1. (2a + 3) (3a - 2) Answer 6a% + 5a - 6

2. (3b + 5) (2b 47)

3. (3x - 5) (2x - 7) Answer 6x2 - 31x + 35

4. (562 + 3) (28° - 5) |

5. (94 + 8r) (2d + 5r) Answer 18d2 + 6ldr + 40r?
6. (3by + 8) (4by +10) |

5. Other Type Products

(a) The formulas for the cube of a
binomial are:

1. (x + y)3 = x3 + 3x2y + 3xy? + y3

by virtue of

x t+ Yy x2 + 2xy + y2
_§_i_1. X +y
x2 + XY . and x3 + 2x2y + xy2
+ xy + y2? x2y 4 2xy2 + y3
X2 + 2xy + y° x3 + 3x2y + 3xy2 + y3

2. And Similarly

(x - y)3 = x3 - 3x2y + 3xy2 - y3

In words the formula is: The cube of a
binomial is equal to the sum of the cubes of the two
terms, plus three times the second ‘term timeg the square
of the first, plus three times the first term times the
square of the second term. '

(b) Two other type products are:

(a + b) (a2 - ab + b2) = a3 + p3
(a - b) (a2 - ab + b2)= a3 - b3

4

| el
Jd2




PROBLEMS

Write the followinglproncts by inspection:
1. (4 - 3)3 : Angwer d3 - 9d2 + 27@k - 27
2. (2c + d)3
3. (2x2y - 3d‘i$3 " Answer 8x6y3 - 36x4y24d4

: + 54x2yd8 - 27412
4. (6 - 5t2)3
5. (x - 4) (x2 + 4x + 16) Answer x3 - 64
6. (2y4 + 3d3) (4y8 - ey4a3 + 9a®)

B. Faccoring

1. General

In Part A of this section we found the product
of various given factors. -

Now we reverse the process and find the factors
whose product is @ given expression.

Learning and remembering how to factor will
depend on_ the ability to recognize forms of certain

type products. -

In the followina paragraphs under "Factoring"
we will say that an expression is compietely factored
(1) if the factors are prime factors and (2} if no
irrational* terms are introduced in the factors.

2. Factoring Common Monomials

It is very common to find that each term of
an expression contains the same factor.

when this occurs the expression should be
written as a product of the common factor and some other
factor. For example:

bx + by = b(x + V)

#An irrational number or term is one that is not equal to
the quotient of any entire two antities. Examples of
irrational numbers are 2, 17.




In the example it can be seen that b is a
common factor, then the expression bx + by can be
divided by b. This gives us a handy method for ob-
taining the other factor when the common factor is known.

The rules for factoring an expression that
contains a common monomial factor are:

(a) Write the prime factors of each
term and find by observation the common factor. ‘

: (b) Divide the original expression
by the common factor to get the second factor.

(¢) The product of the divisor andb
quotient (in Step 2) is the factored form.

. Exampie:,;Factor 24dyA- 18xy + 12y2

1. Factor each term. 24dy = 2-2-2-3-d-y
18xy = 2:3:3:X+y
12xy = 2:2-3-y-y
The common factor is 2-3:y = by
2. Divide the original .
. expression by the 3% |24dy¥— 18xy + 12 ?
common factor. 4d - 3x + 2y

3. The product of divi-
sor and quctient in
(2) above is the
factored form or: 24dy - 18xy + 12y?
2 6y(4d - 3x + 2Yy)

. Example: (Where it 1is possible to factor
by inspection) Factor -12a8p + 15a2b2 - 9a%b

1. By observation it is known that 3ab is the
common factor. When the first term of an expression
is negative, it is best to show the first term in
the parenthesis as positive. '

2. Thus the factored form of -12a3b + 15a2b2 - 9azb
is =-3alb(4a - 5b + 3‘). :

Factor the following completely:

(v')- ‘L
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1. 4x + 4y Answer 4(x + y)

2. 6s - 6t

3, 4t - 6 Answer 2(2t - 3)
4. -32° + 22
5. 3,2 - x2p3 Answer xz(xy2 - b3)

X7y
6. 2r% + 3rd - 5r
7. 12x3a - 24x2a + 42xa3 Answer 6xa(2x% - 4x + 7a?)

3. Factoring Common Binomial Factors

. Expressions containing several terms (4 or more)
at times can be factored by grouping the varjous terms
that have common monomial factors. It may be found, after
grouping, each group in the parentheses has the same
expression. This expression then will become a common
factor. :

Following are two examples of factoring such
expressions: ‘ o

(a) Factor 2dy - ds + 4ry - 2rs

The first two terms have the common factor
d and the last two the common factor 2r.

The expression becomes:
d(2y - s) + 2r(2y - s)
Dividing by 2y - s

d + 2x
2y - s Id(Zy - s) + 2r(2y - s)

and since the factors are the product of
the divisor and quotient then:

~2dy - ds + 4ry - 2rs = (2y - s)(d + 2r)
(b) Factor 6by? + 4cy? - 18bdy - l2cdy

R ‘
O




By observation you can see€ that there is
a common factor which is 2y; therefore the expression
can be set out as

2y (3by + 2cy + 9bd - 6cd)

Considering the four terms in the paren-
thesis, it can be seen that the first two have the common
factor y and the second two contain the common factor 3d.
Regrouping, the expression becomes

2y [y (3b + 2¢) + 3d(3b - 2¢)]

(¢) Factor 3c(r + s)2 4+ (r + 8)

Solution: No grouping is necessary, since
it can be seen that r + s is the common factor.

Dividing:

3c{(r + s) + 1

r + s |3c(r + s)¢ + (r + .s)

Therefore:

3clr + s)2 + (r +s) = (¢ + sj[i3c(r + s) + %]
or * (r + s)(3cr + 3cs + 1)
Factor the folloving:
1. dr + ds + cr + Ccs’ Answer (d + c¢)(r + s)
2. Xy + xXw - 4x -,hv
3. dn - 4n - 24 + 8 - Answer (d - 4)(n - 2)
4. x3 - x2y + 3xy2 - 3y3
5 18a - 12a2 + 24a3 - 16a% Answer 2a(4a® + 3)(3 - 2a)

4. Factoring the Difference of Two Squares

In the study of "Special Products" we learned
the difference of two squares appears in the form
x4 - y? = (x + y)(x = y)
or the difference of two square factors is the product
of the sum and the difference of the numbers.
) 1)6
50
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Examples

1. Factor 9a2 - a
Solution: \@;2 = 3a

and WJEA = a2

Therefore 9a2 - a% = (3a + a2)(3a - a

4

2)

2. Factor 16r2 - 36r2s? .

a. * Take out common factor 4r2

162 - 36r2s2 = 4r?(4 - 9s?)

b. The second factor is the difference of
two squares and we get,

l6r2 - 36r2s? = 4r2(2 + 3s)(2 - 3s)
3. Factor 4x% - 64

a. Take out common factor 4

axd - 64 = 4(x* - 16)

and the second factor is the difference of
two squares, therefore:

ax3 - 64 = 4(x2 + 4) (x* - 4)

and again the last factor is the difference
of two squares so the expression completely factored is,

4x3 - 64 = 4(x% .+ 4) (x + 2)(x - 2)
Factor the following:

1. x2 -1 Answer (x - 1)(x + 1)

2. 5 - 125x2w?

3. x4a® - 9510 _ Answer (x%a3 - 3s?)

‘(x2a3 + 3555

(% + y)2 - 4




5. (a - b)2 - w2
6. (25)2 - (5)2

5. Factoring the Perfect Square Trinomial

In memorizing the special product (x + y)2 =
x2 + 2;!3 + %2 we were drilling on the perfect square
trinomial.

: The student should learn that an expression
is of this type if:

a. Two of the terms are perfect squares.

b. The third term is plus or minus twice
the product of the square roots of the other two.

‘To apply the above rules we will inspect and
factor an expression.

"

Example: 1Is 4a2 - l2ab + 9b2 of this type?

First:~
—QZ;E = 2a, or -2a
and
9b? = 3b, or -3b
Second:

(2) (2a) (3b) = 12ab which is the second
term excepting the - sign.

Conclusion: The expression fits the rules
and therefore is a perfect square trinomial.

To factor a perfect square trinomial:

a. Obtain the square root of the perfect
square terms.

b. Write the square roots, with the second
having the sign of the other term (non-perfect square)
in tr¢ original expression.

‘




c. The factored form then will be the
square of the binomial in (b) above.

First Example: Factor 9a2 + l6b4 - 24ab2

a. (Above)
V9a2 = 3a
and

Vieb? = 4p2

b. The sign of the other term is - so
we write

(3a - 4p2)

c. The factored form of the original
expression

9a2 + 16b% - 24ab? = (3a - 4B)2

Second Example: Factor 4r2 - 20r + 25

a. Get square roots;
J—

V4rd = 2r
and
V25 =5
b. Use - sign on second_term and factor
is 2r - 5.
Therefore; .
4r® - 20r + 25 = (2r - 5)2
Factor the following expressions:
1. x2 + 6x+ 9 Answer (x + 3)2

2. 9y2 - l2xy + 4x2

3. 9n2 - 18n + 9 Answer (3n - 3)2

.




4. -1+ 12x2 - 36y?
5. 255(2 + 5054» 100 Answer 25(y + 2)2

6. 4a% - c? + 4c - 4

6. Factoring the Sum or Difference of Two Cubes

It should be remembered that

x3 + y3 = (x+ y)(x2 - Xy + y2}

and
x3 -y = (x - y) (%2 + xy + y?)

a. Factoring the sum of two cubes:
| Example: Factor ad + gb3

First: 'Find the cube of each term.

'3@?5' = a
and
Vw3 = 2b
| The first root is a + 2b.
Second: The oﬁﬁer factor is the square

of the cube root of the first term, minus the product

of cube roots plus the square of tne second cube root.

Conclusion: Ths factors ars (a + 2b)
(a - 2ab + 4b )

ox a3 + 3b3 = ,
(a + 2b) (a2 - 2ab + 4b?)

Example: Factor elx' - 24y6
Solution:
First: Remove common monomial factor.

3(27x3 - 8y®) ‘

b
54




§ggggg; Find cube roots.
a7 = 3x
aﬂd
“J;;% = 2y2
Third: The first factor is
(3x - 2y2)
Fourth: The second factor is
(3x)2 + (3x) (2y?) + (2y?)?
= 9x? + 6xy2 + 4y4

Conclusion:

27x3 - 8y® = (3x_- 2y?)
(9x2 + 6xy2 + 4y4)

Or 81x3 - 24y6

= 3(3x - 2y2)(9x2 + 6xy2 + 4y4)

Factor'the»followinéz l

1. x° -1 \ Answer (x - l)(x2 + X 4+ 1)

2. 27a3 -8

3, ad - 8x3 Answer (a - 2x)(a2 + 2ax + 4x4)
4. x° -8

V1II - Fractions and Fractional Equations

A

A - General

The rules for operation are the same for
algebraic fractions as for arithmetic; however,
operaticns with algebraic fractions are more involved.
This is because many operations can only be indicated
in algebra and not because of different rules.




From arithmetic we have learned that the
fraction 4/8 can be reduced to 1/2 by dividing the
numerator and denominator by 4, and this does not
change the value of the fraction. We also have
learned that we can multiply the numerator and the
denom.nator by any number except 0 and not change the
value of the fraction.

Ekamplex

Given 4/8. multiply by 2/2

4-2=_8
8.2 16

If we multiply the numerator and the denomi-
nator by the same number, we are in effect multiplying
the fraction by 1 and this does not change the value
_of the fracticn. From the above we can state a rule;
the value of a fraction is unchanged if the numerator
and the denominator are multiplied or divided by the
same_guantity as lond as the quantity is not zero.

B - Simglification

When the numerator and denominator of a
fraction are factored and divided by a common factor,
it is possible to reduce the fraction to a simpler and
more convenient form. When there is no common factor
for the numerator and denominator we say the fraction
is in its simplest form.




Exanple 1
Simplify: 2x2 - x - 3
2x<¢ ~ 5x + 3
Factor the
numerator: 2%x2 - x - 3 = (2x - 3)(x + 1)
Factor the :
denominator: 2x2 - 5x + 3 = (2x - 3)(x - 1)
Rewrite: (2x - 3)(x + 1)
(2x - 3)(x - 1)

Divide numerator and denominator by the
common factor (2x - 3):
1
(x + 1)
{2%=37(x - 1)
1

This is called cancellation. The answer in
simplest form is:

x *
{ ol

x -1
Example 2
Given: 2a + 2b
= 422 = 4b2

Factor: 2{a + b) = 2(a + b) :
4(aZ - b2) 4(a + b)(a - b)




Y

Simplify by cancelling common factors.
1
Zla-+1j
1113~I~b)(a - b)
2

Answer: 1
2(a - b)
PROBLEMS
1. 35¢3¢2 = 6. 2x = 6 = (1/2)
Irt 4x - 12
2. 36abic? = (3b%) 7. r+2t =
60a4bc2 (5a3) - 2r + 4rt
3. ba = | 8. 24a%b2 - 54p% = (3)
2a - 4b 8a2b2 - 18b%
4. lex2 = 3x 9., x2 - 2x -3 =
12x2 - 24x 2({x - 2) x2 + 4x + 3
5., x2 = x = 10. 4a3 +8a% = (_1 )
x2 x 3a% - 16a2b2 (a - 2Db)
L C = sSigns

There are three signs that a fraction may
have; one, the sign of the numerator; two, the sign
of the denominator; and three, the sign of the fraction.
1f there is no sign shown it is assumed to be positive.

Rule: Any two signs of a fraction may be
changed without changing the value of the fraction.

Example:
- 416 = -(16 ¢+ 8) = -2
+8
Change sign of the fraction and denominator.
4+ +16 = +(16 + -8) = -2
-8

Change sign of the fraction and numerator.
+ =16 = +(-16 # 8) = =2
+8

ERIC ® 64




Change sign of the numerator and denominator.

- =16 = -(-16 + -8) = -2

-8

Therefore:

-16 = 416 = + =16 = - -16 = -2
8 -8 8 -8
Example:
Simplify: 32 - 9x - 12
8 + 2x - X<
Rewrite: 3x2 - 9x - 12

-xZ 4+ 2x + 8

Make coefficient of x@ positive:
3x% - 9x - 12
-(x¢ - 2x - 8)

Factor numerator and denominator:

3(x% - 3x - 4)
~(x¢ - 2x - 8)

3(x - 4)(x + 1)
= {x - 4)(x + 2)

Cancel common factors:
1
I(x—4) (x + 1)
o (%) (¥ + 2)
1

Answer: ~3(x +rl)

Complete the following by inserting the
proper value in the parenthesis:

-6=()-6= ()= ()-8
() () () -7
2 = -(_) Answer (+7, -, +, -2)
Y » )




3. = () _=-a_= () _=()_=a
a-»>b a->o b-a b -a

T Ssimplify:

4. 5 - 5% = Answer =5
x -1

5. 2 - a

T Ja - 14
6. 1 - a = Answer -~ 1
aZ - 1 a+ 1
7. _m= ¢t
at - am
8. t - 2 - = Answer -1 (
2 - t)3 (t = 2)2

9. b2 + ab - 6a?
5aZ ¢+ ab - b?

ol
+
o

10. b% + ab - 6al = Anéwer - 3
2al + ab - b*

o
+
o

D - Multiplication

The product of two or more fractions is a
raction whose numerator is the product cof the numerators
and whose denominator is the product of the denominators.

[

Example: ,
a.c.e= ace
P 4 ¢ bdf
or 2.4.27=056=28
5 6 3 90 45
Example:
12a - 4 . al - 2a -3

3aZ - 10a + 3 12a - 6

Factor: 4(3a - 1) C(a~3)(a + 1)
(3a - 1)(a - 3) 6(2a - 1)

0 66
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Multiply: 4(3a - 1)(a - 3)(a + 1)
6(3a - 1)(a - 3)(2a - 1)

2 1 1

Divide: A(3a—1t)(a - 3)(a + 1)
g(3a—%) (a - 3)(2a - 1)
3 1 1

Leave answer in factored form:

2(a + 1)
3(2a - 1)

Find the products:

21 .32 =
48 5
2 15x . 4y =
8y 5x
3. _7 . 143 = Answer 1/2 B ‘ pu
22 <1 ‘

4. bx.- . 5by = Answer 2b2
a

15ay 4ax 3aZ
5. 6a . 5¢3 . 14b2 =
c 8b 3a<c
6. 34m4n3 . Sla2b5 = Answer 2ab3m2n3,
39ab4 119me 3
7. 6a - 3 . 15 =
10 2 - 4a
8. x% - y? =

X = y< . 3x Answer 3(x - v)
X X + Y X

9. 4r2 - t2 . r = 2t
rZ - 4t¢ t - 2r

2a - 8 . 22 _ 3a + 2 = Answer a -4
a - 2 2a¢ - S5a + 2 2a - 1™

10. al
a[

)
+

E -~ Division : .

Find quotient of a + = Q .

<
b d

61
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Or (a) Numerator
0 = (b) |
(c) Dencminator
{d)

Multiply the numerator and denominator by

the same thing or &
c

QKWo1m
aialai

We have rot changed the value of the
fraction because

d
c =1
d
c
Now we reduce
a.d
@= b __c=a.d=ad
g .4 Db c bc
a4 ¢
Now again with numbers:
Find the quotient of 4 & 1
: 8 2
4
= _8
©T 1
2
Multiply numerator and denominator by 2
1
4 . 2 We know 2 = 2 sO
. 8 1 ‘ 1
©T 12 2 |
2 1l __l__:_z_:l
l [

Therefore we have not
changed the value.

z

: 62
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Simplify:

[ JEN

.2
1

Rule of Thumb: Invert the divisor and multiply.

ol &

Now a more complex example:

0. = 8a2 + B8ab & 4a’ - 4b?
2a - b 4al - p<

Rewrite:

8a? + 8ab
2a - Db
4a¢ - 4b<
4al - bl

Q =

Invert and multiply:

8@2 + 8ab . 4a2
Q=2a =-0b 4al
4al - 4b2 . 4al - b2
4ac - b* 4aZ - 4b‘¢

(]
oo
(o IS
N

g8a2 + 8ab . 4al - b?

Q:
2a - Db 4aZ - 4b?2
Factor:
' Q = 8a(a + b) . (2a + b)(2a - b)
2a - b 4(a + b)(a - b}

Cancel common factors:

5 ,
Q = Zale—+) (2a + b) (2aN)
: #(2a—D) (a + b) (a - b)

Answer: Q = 2a(2a + b)
(a - b)-

Find the guotient:

9+ 3= 2. 15 % 25 = Answer 54

lo 8 18 v 5

21a® + 28a? = ' 4. 12m3 = 2hm = Answer 33m%§2
10b3c  5bc? 33t 2

63




S 36m2 + 1 = 6 3x + 3 + 9x + 9 = Answer 2
7t 3m 4x - 12 8x - 24 3
7. (15x - 10) + 4x - 6 = ‘8. a2 - 16 + a_+ 4 = Answer
6 a - 2 2 - a2 -(a + 2)(a - 4)
9. X% + 6xX + 8 % x2 + 3x - 4 =
X2 + X -6 X% -5+ 6
10. m? + 6m + 9 + m2 + 2m - 3 = Answer (m + 3)2
mé - 4m - 5 mé - 2m - 15 (m + 1){(m - 1)
F - Addition and Subtraction

We have learned from arithmetic how to add
and subtract like fractions.

Example: 1+ 1 =2=1
~ 2 2 2

3-1=2=1

4 4 4 2

We also learned to add and subtract unlike
fractions. To do this we must get the lowest common
denominator. (L.C.D.)

3+
2

<3+~

The L.C.D. is 2:7 = 14

Therefore, the first term is 21

1
The second term will be 2
14
so: 21+ 2 =23
1 14 1

Now let us apply this to algebraic terms.

Given: 3 - 2 = ?
) 2x - 1 3x - 4

In this case the L.C.D. will be

(2% - 1) (3x - 4;




The first term has (2x - 1), it needs (3x - 4).
Now multiply the numerator and the denominator by
(3x - 4). This does not change its value.

(3% -_4) 3. = 3(3x - 4)
Ix - 4 " 2x -1 (3% - 4)(2x - 1)

Now the second term has (3x - 4), it needs

(2x - 1). Again multiply:the numerator and the denomi -~
nator by (2x - 1) and the value is unchanged.
2x - 1 | 2 = 2(2x - 1)

2x =1 3x -4 (3x - 4)(2x - 1)
Rewrite: “

3(3x - 4) - 2(2x - 1) = ?
(3x - 4)(2x - 1) (3x - 4)(2x - 1) =

Now we have like fractions so we can proceed
as in arithmetic.

3(3x - 4) = 2(2x - 1) = ?
(3x - 4) (2x —‘l)

Simplify:
Gx -~ 12 - 4x + 2 = 5x - 10 =
(3x - 4)(2x - 1) (3x - 4} (2x - 1)

5({x - 2)
(3x - 4)(2x - 1)

PROBLEMS

addition and Subtraction

Combine and Simplify:

i. 3 +5 = 2. X + y = Answer x2 + xi
4a 12a ya X8 Xye :
3. 3a-2+2a~-1= 4. 2% ~ 7 + 5 - x = Answer 13x - 38
3 3 25 45 225

Note: Any number may be considered as having a denomi-

rator of 1 that is 7 = 7 and x = X .
1 1

+




6. a - 1 - a? = Answer _ 1 __ __

a ‘ a + 1 a+ 1
- b = 8. 3b - 22 = Answer
X - D Ia 730 3Ja- 20 58b - 6ad - 6b2
(3a + 2b) (3a - 2b)
-3 = 10. 2 = 1llx + x - 4 = Answer 23x ~ B
by - 3x 2x - 4y 2 - X 2x - 4 2(x - 2)

G - Complex Fractions

Now we come to more complex problems where
we apply what we have learned in addition and subtraction

and multiplication and division.

Example:

Given: a -b -b - a

Q

b a =
al - b2 - b2 - a?
T’T

Combine factors in the numerator. .
a-b-b-a=ala-b)-Db(b- a)*="al - ab - b2 + ab = a? - b2
b a ab ab ab ab

Combine factors in the denominator. _
a2 - b2 - b2 - a2 = a2 (a2 - b2) - b2(b2 - a2) -
b< a‘s aéb¢ ; a<b“

a4 - alb? - b4 + a’p? = a4 - b4
a<b< a<be

Now rewrite: a2 - b2 ' -
ab = Q
a’® - b3
aldbl

Invert and multiply:

a
a2 - b2 . a%p2  =Ta—bl ~
ab a% - b4 AP ad + bl) (a%—b<)

b

Answer = ab , .

Zaz + bz)




PROBLEMS

Complex Fractions

1. 5 -3 2 2 + 1
5 = 12 = Answer 5
4 - 17 4 - 2 8
10 3
3. 1 + 1
a b = 4. c + 4 -4 N
1l -1 c = Answer 3(c - 2)
a b 1-2
3 3c
5 l -1~-mn 6 r2 - 4t2 = Answer (r - t)(r - 2t)
1 g = l + 3t
2 r - t

H - BEquations with Fractions

The first step in solving equations with . |
fractions is to multiply all the terms by the L.C.D.
This will give an equation (called the derived equation)
which will contain no fractions. If the equation is
cleared of fractions by multiplying both sides by the
L.C.D.,_the solutions of the derived equation are also
he solutions of the original equation provided the
solution does not make the denominator zero.

Example 1:
Given: 1 + 3 - 35
X 12x
The L.C.D. is 12x.
Multiply both sides by the L.C.D.

12x(1 +
(=

3 - 35)
2 12x)

5) = 12x (3
X 6) (

12x + 36x - 60x = 12x(35)
X 2X 6 12x

Simplify:

&1

~3
~o,
N M’




Rewrite: 12 4+ 18 - 10x = 35

Rewrite to leave the X term on one side and
the numbers on the other.

-10x = 35-- 12 - 18

-10x = 35 - 30

-10x = 5
~10x = 5
- -1
x = =1
2
Check. Does x = =17
2
1 + 3 —2-35
(-1) 2(-1) 6 12{-1)
2 2
=35

-2 - 3= %_.

Use the L.C.D. of 6. ™

of

-12 - 18 - 5 = =35

6 6 6 6

!
()
(92}

L]

-35 Checke. Yes, x = =1

6 2

o

Exampie 23

Given: X = 3 = x% - 9x ¢ 20 (Note that) -
Xx -1 Xe + X = 2 [52 + x = 2= (x = 1)(x +-%]

Solution:. L.C.D. = (x - 1)(x + 2)
Multiply both sides by the L.C.D.

(x -~ 1)(x + 2)(x = 3) = (x - 1) (x + 2)(x2 - 9x + 20)
(x - 1) o (x - 1) (x + 2)

0
",




(x - 1)(x + 2)(x - 3) = (x - 1)(x ; 2) (x2 - 9x + 20)

(X—="1] (x - 1)(x + 2)
(X;t.Z)(x -'3) = x2 - 9x + 20
X2 - x - 6 = x2,~ Sx + 20

20 + 6

x2 - x2 - x + 9%
8x = 26

x = 26 =13
8 4

PROBLEMS

Equations with Fractions

€

1. x + x =18 2. y - 3=y (Answer y = 18)
3 6 4 2 6

3. 10-m-5-m=5 4. 1 = 3 (Answer x = 1)

- 2 3 2 3x 9

5. v-7=1% 6. 9 = 10 (Answer x = 23)
\Y p3 4 X -5 X -3

7. X + 3 =x -3 8. w-2=w-1 (Answer w = 7)
x -3 X + 3 w + 3 w+ 5

Statement Problems

Note: (Rate) (time) = distance

9. A small plane averages 120 mph on a trip from
Indianapolis to Kansas City. With a tail wind on the
return trip the plane averaged 160 mph. If the round
trip took 7 hours, what is the distance from
Indianapolis to Kansas City?

10. A man estimates that a tractor could plow a field
in 2 days and a team could do it in 6 days. How long

"would it take to plow the field 5f the tractor and
team were both used? (Answer = 1% days) (Hint: find
rate.)
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11. A 2-inch pipe can £il1l1 a tank in 6 hours, and a
4-inch pipe can fill the tank in 1.5 hours. (a) How
long will it take for both to fill the tank? (b) For
both to fill it two-thirds full?

12. On a river which flows at the rate of 3 miles per
hour, a motor boat set at a given rate takes as long
to go 4 miles upstream as it does to go 6 miles down-
ctream. What is the rate of the motor boat in still

water? (Answer 15 mph)

13. One pipe can fill a tank in 10 minutes. It will
£i1l the tank in 35 minutes when the drain is open.
If the tank if half full, how long would it take to
drain it? :

IX - Radicals

A - Chanqing the Form of Radicals
1

By definitionﬁ@a - afl, so it is evident that
any changes in radicals must follow the laws of exponents.

1. The radical ma be changed b removin
a perfect power from urider the radical.

(A perfect power factor is a factor whose
indicated root may be expressed without a radical.) .

Example: No. 1 No. 2
i J— .
Simplify: V12 V24x3y8

Factor the radical so one factor is a perfect
power factor.

: 3
V4.3 \/éx3y6 . 3y2
| Extract the root of the perfect power factor.,
- 3
V3 2xy? \V3y?2

2. The radical may be changed by introducing
a factcr under the radical.

Example: No. 1 o No. 2

—

' 3
Given: 3V _ 2a\/2ab?




Raise the coefficient of the radlcal to
the power of the index.

Index is 2 Index is 3

so 32 = 9 : | SO (23)3 = ga?

Write the quantity as a factor of the Fadicand;

3V2 = V32.2

‘a3 3, .

2a\/2ab? = VBa3.2ab? | |
— s i

or Vo.2 = V18 or Vleazb?u e

3. The radical may be changgd hy reduc1nq
the index of the radical. RN o

Given: \/l6x4

Express the radlcal in exponentlal forma
Sherd = (1ext)T - [2x)ﬂ | ,

Rewrite:

4 *
y . - ) (2X)B’

Reduce exponent: (2x)3
K) 33—
Rewrite radical: V(2x)¢ = Vax2

*Stated in words this means: we must take the number to
the fourth power then take the sixth root of the expanded

numper .

PROBLEMS

Changing the Form of Radicals

Remove all perfect factors from the radical.

1. V27 = 2. Va0 = (Answer 2V 10)
" 3~ ' ’ 3 3,
3. V54 = A, 4. V-256 = (Answer -4V3)




“~

write the coefficient of the radical as part of
the radicand. : ‘

- 3 3
6. 2V3 = 7. 334 = (Answer V108)
8. cV2 = 9. 2mVsm = (Answer'V50m3)

10. 2a2bV4an? =

Reduce the index.

4 ' = o
11. "Vax2 = (Answer'V;;YfiZ. \AS;T=
8 (%)
13. Viem4 = (Answer V&m)l4. \/(a2 - b2)3 =

B - Rationalizing the Denominator

To rationalize the denominator, apply the
rules learnéd from fractions.

Remember: V2 - V2 =2

(The square root times the squafe root gives
the number.) . : :

Example:

RatiOnalize: 6

V2l
Multiply numerator and denominator by 21,

2 _
6 VZl = gV2l = 2Val

Va1 VEI 425 !
Divide by 3 '
PROBLEMS
Simplify:
1. 1 = 2. 2 = (AnswerVE)
V2 Ve ’

4

X 72
ERIC [




3. 4a 4.\/1 = (Answer V5 )
' = 5 5
2a ‘
; | . —
5. /§_= B 6.\/;gw3,(An§wer'V%cx )
-\5 x 3x
—_— —
7. Vi3x~l = 8. Vec-2 = (Answer 2V 2)
c

X - Quadratic Eguations

, We have studied linear or first degree
equations, e.g. ax + b = 0; this equation has but
one root, X = -b

a
Now we shall study quadratic or second
degree equations, e.g. ax® + bx + ¢ = 0. This equa-
tion has two roots, both real or both imaginary,
which may be found by the following methods.

1. Factoring
2. Completing the square
3. Formula

1. Factoring

Given: 2x2 - x - 3 =0

) (a) What two terms multiplied together
will give 2x2?

Try x and 2x

Check (x)(2x) = 2x2. Now we have
the first terms (x + ?) and (2x #+ ?)

(b) What two numbers multiplied togetﬂer
will give =37

Try +3 - 1
Check (43)(-1l) = -3. Now we have
a trial second term (x + 3) and
. (2x - 1)
.13

~1
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Now let us try =3 and +1.

From inspection we know we have more of
a- problem than + or -=. We must change our arrange-
ment.

Try (2x - 3) and (x + 1)

Now check: 2X = 3
x + 1
2%x2 - 3x
+ 2x = 3 . ]
Ixe - X = 3 = 2%2 - x - 3

OK
Answer x = 3, x = =1
2
PROBLEMS
Solve by factoring:
1. x2 - 12 = X . . Answer X = 4, -3
2. 8x% = 6x
3. 6x% = 216 Answer X = 6
4. 4x? = 25
5. 9x¢ -5 =0 Answer x = + V5
6. 3x2 = 4 | ’
7o §_? 10=0 Answer x = + 2V 5
2 9x

.

8. 25x% = 4(5x - 1)




9. A =1rr2, solve for r - Answer r =1/§
Al

10. V

1N rzh, solve for h
3
2. Completing the square

Given: 2x2 - % - 3=0
(a) sSimplify and transpose terms.
2x% - x = 3

(b) Divide by coefficient of x2

x2 - x=3
2 2

x2 - 1x
2

3
2

. (c) Complete the square by adding the
square of one half the coefficient of x to both sides.

x2=1x+ (1 . D?=3+ @ _1°
3 z "2y 2 (2 72
Simplify: 'x% - 1x + (-_L)2 =3 + (-_];)2
.2 ( 4) 2 ( 4)
Simplify: x2 - 1x+1 =3+ 1
2 16 .2 16
x2 - 1x+ 1 =24+ 1
2 16 1l 16
x2 - 1x + 1 =25
2 16 6

We have created a perfect square for the
left hand term.

Factor: x% - Ix+ 1 = 0;(x -
2 16 (

Rewrite: (x - 1)2 = 25

( 3) 16

Sl
N Ss”
AN
N




Extract v Vix --_L)2 =-,/_2_5_=\/25 =+ 5
( 4) 16 » 4
Vie
x-1l=2x5
4 4
x=+2+l=§_=£
4 4 4 3
x=-5+1=-4=-1
4 4 4
Answer x = § and x = -1
a
PROBLEMS

Determine the constant term which should be
added to the expression to make a perfect square tri-

nomial.
’ 1. x2 + 4x + () Answer = 4
2. x2 - x+ ()
\ 3. x% + 10x + () Answer = 25

4. x2 - 9x + ()

5. x2 - 6 + () Answer
5

oo

6. @2 + leas + ()

Solve for the unknown by completing the

square.

7. x2 -2x-8=0 Answer x = 4, -2
8. x2 + 4x - 2l = 0 |

9. x2 + X = 12' Answer x = 3, -4
10. 2y2 + 5y = 12 -

11. 68l = 1lla + 10 | A Answer @ = %, —%

12. we - 8w+ 4=0 !
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3. 'Formula

Derivation:

By completing the square.

~Given ax2_+ bx + ¢ =0
(a) Simplify and transpose terms.
ax? + bx = -c

(b) Divide by coefficient of x2

§__x2+2§=:g
a a

(c) Complete the square by adding the
square of one half the coefficient of the x term
to both sides.

x2+p_x+ (_LP_)2=-£ + (_LP_)2=‘_£ +123.2
a (2 a) a (2 a) a 4a
(d) Rewrite:
(x + g_)z = -c4a + Qi
2a dac 4a

(x + b )2 = b - 4ac

— —

2a 4a

(e) Extract the sguare root of both sides.

‘\/(x+p_)2 Vb2 - 4dac
~ Zaf

2a : a

|+
1§’
[ %]
H

]

o>

[}
0

X +b =
2a

(f) Simplify:

X = + Vbe - 4ac - §
2

x = -b* Vb2 - 4ac
2a

77
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PROBLEMS

Solve the following using the quadratic
formula:

1. x2 + 4x - 21 =0 Answer = -7, 3

2, 2x2 - 10x + 7 =0

3. 3a2 + 20a + 12 =0 Answer -2, -6
3

4. 5a® - 28a + 32 =0

5. 9n2 +22n + 13 =0 Answer =13, -1
9

XI - Ratioc, Proportion, and Variation

A - Ratio -

Wwhen we say the ratio of a to b we mean the
guotient a # b or a. Thus a ratio can be expressed as
b
a fraction and written &, a/b, or a:b. Because a ratio
b
can be written as a fraction, the rules for fractions
apply to ratios. - ’

Fundamentally, every measurement is a ratio.
When we say the length of a room is 16 feet we mean the
ratio of the length of the room to the unit of measure,
1 foot is 16:1. This 1is the ratio of units of the same
kind. There are ratios of different units also, such
as distance to time (this ratic is called average speed.)
If a car travels 80 miles in 2 hours, the ratio 80
miles:2 hours, or 40 miles:1 hour, (usually written
40 mi/hr) is the average speed.

The ratios of certain line segments are so
important in trigonometry that they are given names
(sin, cos, and tan).

Ratios are used to. solve problems. In pérti—
cular, they offer a convenient method for converting

dimensions from one kind of unit to anoher, provided
we consider the units as algebraic quantities.

Example l: Convert 8 yards to ipches.

Solution: We know 3 feet = 1 yard. Now
divide both sides of the equation by 1 yard.

8
8.

T s




3 ft =1 yd
3ft =1vyd =1
1 yd 1l yd oo

Now, if we multiply any expression by 3 ft
we are multiplying the expression by 1 so its 1 yd
value does not change.

8 yd = 8 ¢ x 3 _ft = 24 ft
- 1 44

We can cancel yards just as we can cancel a's
in the expression. .

= 84 + 3b = 24b

. Thus we consider the dimensions as algebraic
symbols and operate accordingly. Since 12 inches = 1
foot, we can perform in a similar manner. -

8 yd = 24 £¥ x 12 in = 288 in
. 12X

It should be noted that in addition to the
numerical computations, we included all the units. We
then considered these units as algebraic factors and
canceled the same units in the numerator and denominator.
Thus we see that when we wish to change an expression from
one kind of unit to another, we set up ratios which are
equal to one and multiply the given expression by these
ratios. Each ratio is so determined that the dimension
we wish to eliminate will cancel. The preceding example
can be solved in one step.

y in=8yd =8 yd x 3 £ x 12 in = 288 in

Tyd ~1 ¢

- RATIO PROBLEMS

e

1. Changé 891 inches to feet.

2. Convert 3 miles to meters. (1" = 2.54 centimeters
and 1 meter = 100 centimeters) Answer = 4827 meters

oy




3. A man runs 90 yards in 9 seconds. What was his
average speed in (1) yards per second; (2) in miles
per hour; (3) in feet per second?

4. A cubic foot of water weighs 62.4 pounds. How
much does a cubic inch weigh? Answer = 0.0361 pound

B - Proportion

A proportion is an equation which states
that two ratios are equal. Thus it is a relation in
which two fractions are equal. e

Example: a = C
d . N ) ) g,

This is also written a:b = c:d or a:b::c:d
and is read "a is tob as ¢ is to d". Because a
proportion is an equation, the rules of equations
apply to proportions.

Example:
Solve: 15:8::5:X
Rewrite: 15 =5

8 X

Simplify:

(#) (x) 15 = 5 (8)(¥) Multiply both
- g ¥  sides by (8) (x)

Rewrite: 15x = 40

- Simplify:
ggx = 40 Divide both sides
pd 15 by 15
x = 40
15
 Reduce: x =8
3

Applications .

1. similar geometric fiqures - If two figures
are similar, the corresponding sides are proportional.




Example: Tfianglez ABC and RST are similar.

r;
s

L;
t

Example: A post 5 feet high is located 12
feet from a point directly below a street light. If
the post casts a shadow 6 feet long. What is the
height of the light above the ground?

/j;(/nght

7
4

The triangles ABD
and ACF are similar

thus:
x BD =CF or 5' = x'
AB AC 6' 18°

Therefore ¥

p)
e
,/// [///

15'
v ‘

6’ 8 . 12’ x' = 15 feet

X“ =_5_' (181)
6!

ssround Line?

Example: The diameter of one sphere is 2
inches, and that of another is 4 inches. Compare
their volumes.-

Solution: (Volume of sphere = l7rd3)
6




Let v = volume of sphere
Let V = volume of sphere
Thus: =

_\L_
v

(4)3 = 64 = 8
CIEl

Therefore, the vdfﬁﬁg-of
is eight times that of the smaller

PROBLEMS

Solve for Y.

1. 10:7 = 5:y
'2. S:y = 10:3
3. 7:3 = y:6
4. 6:y = 12:5
5. 12:5 = 3:y
6. 10:y = 12:1

4

7. (2y - 3):4 = 3:(3y - 5)

8. 15:0.4::y:1.2 Answer y = 45
9, 27:y = y:3
10. (y + 4):(y - 2) = (2y = 1):3(y - 4) Answer y = -10, v = 5

application problems.
1. Given two similar triangles.
triangle are 6, 8, and 10. The
other triangle is 21. Find the

2. A tree casts a shadow of 18

of a shadow of a yardstick is 2 feet. What is the
height of the tree? .
3. The diagonal of a square is 12 inches. Find the?&;

length of the side of a square
the area of the given square.

Answer y = 2.5

Answer y = 5

The sides of one
shortest side of the
other two sides.

feet when the length

whose area is 4 times ™

with 2-inch diameter.

with 4-inch diameter.

the -larger sphere
sphere. :

Answer y = 1.5

v 4




b

4. The altitude of®a triangle is 3 feet and its
base is 4 feet. Find the dimensions of a similar
triangle with twice the area.

C - Vériation

1. Direct Variation

When it is said y varies as x, y varies
directly as x, or y is proportional to x, we can
write

y = kx (k is a constant)

We also can write y = k
X
Therefore we see in direct variation the
variables are so related that their ratio is always
constant. The constant k is called the constant of
variation, or constant of proportionality. We can”
find k if we know y which corresponds to a value of

x (x # 0).

Example: The distance traveled by a body
falling from rest varies as the square of the time.
If a body falls 64 feet in 2 seconds, how far will
it fall in 5 seconds?

Solution:

Let s = distance the object falls
t = time the object is falling
We know: s = kt?

Given s = 64 when t = 2

Supstitute into formula:

64 = k(2)2
s = k4
.= 64

4




To find s when t = 5 we have:

s = 16t2
s = 16(5)2
s = 16(25)

s = 400 feet

Problems - Direct variation

Write each of the following as an equation:

1. The area of a semicircle A varies as the square
of its radius r.

2. The kinetic energy.. KE, of a particle varies as
the square of its velocity, V.

solve for the unknown:
3. It is known that y varies as x. If y = 15 when
x = 3, find y when x = 30. (Find k before solving

for unknown) Answer: K = 5, y = 150

4. Given that y varies as the square root of Xx. If
y = 1l when X = 4, determine Y when x = 36. :

State each of the following equations in
the language of variation: ‘ ‘

5. C=27nr

6. P = 1°R (P is power, I is current, R is resistance)’
7. v =1V2gh (g is a constant)

2. Inverse Variation

when it is said y varies inversely as x, or
y is inversely proportional to x, we can write

y = k (k is the constant of proportion.)
X

‘
4

From the above formula we see that as x
increases y decreases, and as x decreases Yy increases.




Examplé: The volume of a given gquantity

at constant temperature, varies inversely as
the pressure. A certain amount of gas occupies 20
cubic feet when the pressure is 16 pounds per square
What is the pressure when ‘the volume is reduced
to 5 cubic feet if the temperature is constant?

Let p

pressure

A volume

Express as a formula:

Determine k.

Given v = 20 £t3 when p = 16 1b/in?

v =Kk
p
20 £ft3 = k
16 1b/in?
k = 20 £ft3 (16 1b/in?)

k = 320 £ft31b
in

Rewrite formula:

solve for p when v = 5 f£t3

5 ££3 = 320 £t1p

. P 1in
64
p = 3207 £31b
5 43 inZ
p = 64 1b/in?




Problems - Inverse Variation

write the following statement as. an equation:

1. For a given area the pase of a triangle varies in-
versely as the altitude. .

Solve for the unknowns:
2. Given that y varies inversely with the square of
a. If y = 25 when 8 = 2, determine y when @ = 5. (Be-

fore solving for unknown, find k.) (Answer X = 100, y'= 4)

3. fThe quantity x is inversely proportional to the
cube of t. If x = 1 when t = 6, determine x when t = 2.

State each of the following equations in the
language of variation:

4. I =X
a

5. p=k
v

6. £ =Xk }
Ve

3. Joint variation

When we say 8 varies jointly as X and y, we
may write

8 = kxy

Example: The force of the wind on a surface,
at right angles to the directions of the wind, varies
jointly as the area of the surface and the square of
the wind velocity. If it was found that a wind velocity
of 10 miles an hour exerts a force of 8.4 pounds on a
rectangular door whose dimensions are 3 by 7 feet, what
will be the force on the door when the wind velocity is
30 miles an hour.

Solution:
Let £ = force on sufface
‘v = wind velocity
a:

area of surface

edd -




Write the formula:
f = kav2

Solve for k.

Given £ = 8.4 1b
a= 2] ft2
v = 10 mi/hr
Substitute:
8.4 1b = k(21 £t2) (10 mi)?
hr
8.4 1b = k(21 £t2) (100 mi?) ~
hre

k = 0.004 1b hr?
fte mi2

Rewrite the formula:

£ = (0.004 1b hr2 )av?
ftZ mil

Solve for f: When a = 21 ft2, v = 30 mi/hr

£ = (0.004 1b hr? ) (21 £t2)(30 mi) 2
ftl mil h{

£ = (0.004 1b hrZ ) (21 ££2) (900 mi?)
27 pae hre

f = (0.004 1b) (21) (900)

f =75.6 1b

Problems - Joint Variation

‘s,

Write each of the follow1ng statements as
an eguation:

1. The area of a regular pyramid(a)varies jointly

2; The area of a spherical segment varles jointly as

- the radius and altitude.

87
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Before solving for the unknown in the
following problems, determine K.

3. The quantity x varies jointly as W and t. If
x = 1 when w = 10 and t =.100, find t when X = 50
and w = 3000. (Answer k = 0.001, t = 16 2)

’ ‘ 3
4. The quantity s varies jointly as b2 and h?. If
s = 30,000 when b = 2 and h = 10, find s when b =4
and h = 5.

Make statements of the following in the
language of variation: =

5. t = kvp
6. r = kx2y3

4. Combined Variation

In many of the applications the relations
actually involve several different types of variation.
Thus, Newton's Law of Gravitation states that the
force of attraction F, between two bodies varies
jointly as their masses M and m, and inversely as the
square of the distance, d, between their centers of
gravity. This Law is an example of a combination of
joint and inverse variation which can be written
symbolically.

&

Example: The .approximate crushing load for
a square pillar varies directly as the fourth power
of the thickness and inversely as the square of the
height. 1If a 2-inch square wooden post 5 feet high
is crushed by a weight of 16 tons, what weight will
crush a pillar 10 feet high and 4 inches square?

Solution:
Let 1 = crushing.load
d = length of sides (thickness)
h = height of pillar




Write the formula:

1 = ka4
he

Solve for k. Given 1 = 16, h = 5, and d

= 4 .
16 = )z_é%)‘,_ e

k(16)
(25)

2

16

]

=
L]

E
v

k = 25 \

Therefore 1 = 2544
v

Find 1 when d = 4 in and h = 10 ft

1 = 25(4)%
310)5

1 = 25(256)
100

1 = 6400
100

l = 64 tons

Problems - Combined Variation .7

Write each of the follbwing statements as
an equation: )

l. T varties jdiﬁtlyvas x and y and inversely as 8.

2. The effective resistance R of two resistances, rj)
andlr, in parallel,varies jointly as their product and
inversely as their sum. :




after determining k, sdlve for the unknowns:

3. The quantily Q varies directly as t and inversely
as v2. If 0 = 18 when t = 10 and v = 2, find Q when
t = 15 and v 3. (Answer k = 7.2, Q = 12)

noi

4. The quantity H varies jointly as m and t and in-
versely as the cube of L. If H= 32 whenm =4, t = 6,
and H= 3, find 1.when H= 4, m=8, and t = 3.

Write the following in the language of
variation:

=

5. v = Kt

VI

o
3
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GEOMETRY

ékvyk VI,EMIntIGBUCtion

r

What is Geometry?

Geometry is that branch of mathematics which
investigates the relations, properties, and measurement
of solids, surfaces, lines, and angles. It deals with
the theory of space and of fiqures in space.

Why is Geometry Important?
Where does geometry fit into. the picture?

After the student learns to count and use
arithmetic, then algebra and geometry form the founda-
tion of mathematics.

Algebra supplies the language, rules, and
methods for calculations; geometry develops the forms
and methods of reasoning in mathematics and gives the
rules and methocds for measurement.

Geometry for our work is divided into two
parts: 1 - Plane, and 2 - Solid.

(1) Plane Geometry

All the lines and figures whicgh can be drawn
on a plane, or flat surface, are called plane figures,
and that portion of geometry which treats of their
construction, relations, descriptions, and measurements
is called Plane Geometry.

(2) Solid Geometry

l All the lines, figures, and objects which can
: be drawn or formed in space without restriction to a
plane are called solids, and that portion of geometry
which treats of the construction, relations, description,
and measurement of solids is called Solid Geometry.
/
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II - BASIC GEOMETRICAL DEFINITIONS“

Before baginning the study of geometry,
fundamental definitions of certain termg must be known -
These ave:

1. Point - A position which has nobmeasqrément
other than its reference location; i.e., it has no
length, width, or depth. :

2. TLine - The connecting link between separated
points. It has n6 width or depth, but length only.

(a) A straight l1ine is the shortest line
which can join two points. The term “"line", in general,
infers a straight line.

() A curved line, or curve, is a line no
porticr of which is straight.
: (c) Lines are usually designated Dby letters
at the termini (ends) of their individual straight or
curved segments such as the line ABCD.

The first segment of this would be B

line AB; the second segment would be

line BC; the third segment would be c //D
i line CD. -

3. Plane - A plane surface is such a surface that
the straight line joining any two points in it.lies en-
tirely in the surface. In ordinary terms a plane surface
is a "flat" surface and has no thickness.

4. cCurved Surface - A surface no portion of which
is a plane. )

5. plane Figqure - A figure formed by points and
straight or curved Tines, all of which lie in a plane.

;PL 6. angle - The figure formed by two straight lines -
meeting at or being drawn from a point. The two lines
are called the sides and the point of intersection the
vertex. C
“aC" and "AB" are the sides.

They meet at the vertex "A".

The whole figure is the angle A< .3
"CAB" or "BAC". For brevity

this is written as L CAB or Zf BAC.

=y
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referred to as 2y A, If three or more lines meet at
a point, the three letters must be used to designate
the various angles.

B c :
In this case we could have D
.2} EAD, L DAC, <) CAB, ~
<} BAD, . CAE, etc. s
. A £

Or, the angles can be shown with small letters between
the sides and an arc joining the sides used, such as:

z..)j_a= AEAD B c

b Z) DAC ” D ‘

e Z) CAE

: I1f there is but one angle at the point it may also be
|
)

]

"

a .
etc. . A E
7. Degree (°) - The unit of measurement of ahgular
magnitude. There are 360 degrees in a circle or complete
angle.

Minute (') - 1/60tn of a degree b
Second (") - 1/60th of a minute

8. Right Angle - An angl% of 90°, one-fourth of

a circle.
90°
A c

9., Straight Angle - An angle of 1800; two right

angles; a straight line. 180°
10. Acute Angle ~ An angle between 0° and 90°, less
than a right angle. . /B
C
All these (a, b, c) are acute angles.
b
\ A D
11. Obtuse Angle - An angle greater than a right
angle. B _
: a
Angle "a" is obtuse. ' C

A
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12. Complementary Angle - When the sum of two
angles is 902, or a right angle, they are said to be
complementary angles and each is the complement of
the other.

13. Supplementary Angle - When the sum of two
angles is 1800 they are said to be supplementary and
each is the supplement of the other.

14. Perpendicular - A line drawn from a point to

-...another 1ine, in such a manner that the intersection

forms two right angles, is said to be a perpendicular

to the second line. A perpendicular is used only with

reference to something. That is, a building can be

vertical by itself, but it is perpendicular to ithe ..
ground only if the ground is level or horizontal. The

sign L is used for the word vperpendicular".

15. Bisector - If a line divides an angle into
two equal parts Tt is said to bisect the angle and is
called the bisector. Or, if one line rosses another
at its middle point the first is 'said to be the bisector
of the second.

16. Parallel Lines Or parallels ~ Straight lines
which are in the same plane and never meet, however
far they are extended, are called "parablel lines" or
"parallels"”. The symbol | is used for the words
“parallel” or "is parallel to".

17. Transversal = A straight line which cuts any

two, or more, other straight lines is called a transversal.
Thus, AB is a transversal of

cp and EF. 1In the eight angles
formed the angles between the
two lines cut are the "interior"
angles (c,d,e,f); those lying
outside are nexterior" angles
(a,b,h,9).

These are related and distinguished in pairs as follows:
+g" and “"f" or "c" and "e" are alternate—interior angles;
wa" and "g" or "b" and "h" are alternate—exterior angles;
Ilall and IIeH , lldll and llhll , Ilbll and Hf'l , Or QICII and Dlgll are
corresponding angles. ’

&




18. Curvilinear - A closed plane figure composed
of a curved line or lines is sometimes called a curvi-
linear figure.

19. Rectilinear - A closed figure composed of
straight lines is sometimes called a rectilinear figure.

The straight lines forming a rectilinear
figure are called its sides, the angles formed by the
interceding pairs of sides are the angles of the figure,
with those inside the closed figure being the interior
angles. The sum of the lengths of the sides is the

perimeter.

20. Triangle - A rectilinear figure of three sides.

~

21. Quadrilateral or Qdadrangle - A rectilinear
figure of four sides. ’

22. Polygon - A rectilinear figure of *several"
sides.

A polygon with equal angles and equal sides
is known as a "regular" polygon. e

23. Equilateral Triangle - An equal-sided triangle.

P - BN . .
24. IsosCeles Triangle - A triangle with two equal

sides. R

25. Scalene Triangle - A friangle with no two sides
equal. ’

26. Right Triangle — A triangle with one of its
angles being a right angle. The side opposite the Rt. ;
is the hypotenuse. .

27. Acute Triangle - A triangle with all of its
angles acute.

28. Obtuse Triangle - A triangle with an obtuse
angle.

29. Congruent Triangle - Triangles that are equal
side for side and angle for angle.

96
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The two sides of a triangle forming an
angle are said to include that angle; each of these
two sides is said to be adjacent to the angle; the
third side is said to be opposite the angle.

30, Similar Triangles - Triangles with angles
equal zach to each.

31. Altitude - The perpendicular drawn from a
vertex to the side opposites—or to its extension.

32. Median - A line drawn from a vertex to the
mid-point of the opposite side. Do not confuse with
the altitude, thus:

AB is an altitude
~AC is a median 80° \&3
\/VM
v X X X =X
33. Exterior Angle - The angle formed by extending
one of the sides through a vertex. (Angle "e" above.)

34, Trapezoid - A quadrilateral with two, and
only two, of its sides parallel.

[N

35, Parallelogram - A quadrilateral with its
opposite sides ‘parailel in pairs.

\ \

36. Rectangle - A parallelogram with all its
angles being right angles.

37. Square - An equal-sided rectangle.

103
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+.center.
gpoa-itis -ty

38. Diagonal - A line drawn between opposite
vertices of a quadrilateral. A

(i.e. line AB)

B

39, Altitude - A line perpendicular to the
parallel sides of a trapezoid.

40. Circle -~ A curvilinear figure formed by a-
line every point of which is equally distant from one
and the same point inside the figure, called the

4

41. Ciréumferenée - The length of the curved line

.forming a circle.

42. Radius - A straight line joining the center
and any point on the circle, also used to mean the
length of the radius.

43. Diameter - A straight lirne having its two
ends on the circle and passing through the center,
also used to mean the length of the diameter.

44. Chord - A straight line segment inside the
circle with its ends on the circle. (A diameter is
a chord.)

45. Secant - Any straight line which intersects a
circle at two points. . :

46. Arc - A portion of a circle, such as the por-
tion between the two ends of a chord, or the two points
of intersection of a secant.

47. Tangent - A straight line touching a circle
at one and only one point (the point of tangency.)

FO, OE, OB and OC are radii A e 7

EF is a diameter \\\;;>W<iif§%%§\\\o
AD is a secant

T | F s

BC and FE are chords ) ‘////H
G;R? is an arc 6 1

GH is a tangent, I is the point of tangency.

98 "
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48. Segment - The figure formed by an arc and
its subtended chord (shaded figure page 2-7) .

49. Central Angle - The angle formed by two
radii ( <% BOC)

50. Sector - The figure formed by an arc of a
circle and the central angle it subtends (the segment
/8C plus the triangle BOC rform a segment on page 2-7)
or the figure COE is a segment. -

51.. Unit Circle - A circle whose radius R = 1
unit. The type of unit (foot, yard, or mile), 1is
inconsequential when coneidering formula for the circle.

52. Jr (pi) - The ratio of the circumference of a
circle to its diameter. '

Solid Geometry Definitions

53. Rectilinear Solid - A solid formed by plane
sur faces. SR

54. -Rectangular Solid - A solid with rectangular
faces (the plane surfaces forming a solid).

55, Cube - A rectangular éolid with square faces.

56. Properties of a Solid - The characteristic
feature and the relation between dimensions, areas,
and volumes.

57. Pyramid - A solid with a polygonal base and
~ triangular faces all meeting at a common vertex.

58, Prism - A rectilinear solid, two of whose faces
are polygons and the rest trapezoids or parallelograms.

59. Cylinder - A solid formedvby rotating a rectangle
about one cf dts axes.

60. Cone - A solid formed by rotating a right tri-
angle about one of its legs.

61. Sphere — A solid formed by rotating a circle
about its diameter.

62. Frustum, of a Cone - Formed by a cone with the
top or apex cut off by a plane parallel to the base.
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JII - Axioms and Propositions

Axioms and propositions are n

ext in the

study of geometry because they establish principles
and put forth ./certain truths to be demonstrated and
certain operaijions to be performed.

(A) stands for Axiom-which is a .sta

mitted to be true without proof.

that

that

1(A)

2(a)

3(a)

4(n)

5(A)

(P) stands for Proposition which is
is proposed for proof, constructio

Following is a list of axioms
the student should become familiar

Things equal to the same thing o
are equal to each other. "

n

Example: a = 2, and b = 2, so 2
therefore % a = b
If equals are added to equals'the

Example: a =2, b=2 ,% a+b=

X =y, a b, and y'= a

tement ad-
a statement
n, or discussion.

and propositions
with:

to equal things

sums are equal.
2 +2 =4

SJiex+a=y+b

If equals are taken from equals the remainders

Y

are equal.
Example: Similar to (2).

If equals are added to or taken f
results are unequal in the same o

Example: a = b, 3 # 1 and is larg

a+ 3#b+ 1 and is lar

The doubles or any equal multipli
are equal, and those of unequals
the same order.
Example: X =y, 2X = 2y Xx = 3

(2) (3) # (2)(1)

100
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6(A) The halves or any equal parts of equals are
equal and those of uneyuals are unequal in the
same order as at first.
Example: Similar to 5(A).
7(A) Equal powers and roots of equals are equal.
ox =y o, %2 = y2 and /X = Y -
g8 (A) The whble is greater than any of its parts.
Example: 6 = 3+2+1 J. 6>3; 6>2; 621

9(A) The whole is equal to the sum of its parts.

10(aA) In_any mathematical operétion, anything may
be substituted in the place of its equal.

Example: If xy = 4 and x = y then (x)(x) = 4
or (y)ly) = 4

Geometrical

11(a) Through any two points in space there can be
one and only one straight line - see Definitions.

12(A) A straight line may be produced to any length.

13(A) A circle may be described with any given point
as center and with any given radius.

14(A) Motion of a geometrical figure does not change
its size or shape. ' S

Frertapiy

Example: CWB ¢ 8
J =d =
B C A

All the above triangles are exactly equal
in size, shape, and area.

15(A) All right angles are equal. ESee Definitions.

101
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16(A) One and only one parallel to a given straight
line can be drawn through a point outside that
line. By definition.

17(A) At a given point in a line there can be but
- .. .one—perpendicular to that line. By definition.

18(?) If two adjacent angles have their exterior sides
in a straight line, the angles are supplementary.

Example: B

Since % APB and £ BPC

forma straight line they

are supplementary by

definition, A 5 c

. . . T
19(P) If two straight lines intersect, the %::3:4-&
angles are equal.

Example:

Aa=band L x= Ay

20(P) Two straight lines drawn from a point in a per-
pendicular to a given straight line, and cutting
off on the given line equal segments from the.
foot of the perpendicular, are equal in length
and make equal angles with the perpendicular.

Example: D

DB is_Jl to AC and AB
then AD = DC and £} a

Ml

A

A 8 c

21(P) Any point on the perpendicular bisector of a
line is equal distance from the two ends of the
line.

Example: Use figure above.




22(n) Only one perpendicular to a line can be drawn
from a point outside that line and it is the
shortest line that can be drawn from the point

- to the given- line. -

Example? By definitions.

23(aA) Two straight lines in the same plane parallel
to a third line are parallel to each other.

Example:

A B
1f AB is || to XY and y
¢D is || to XY, then
AB must be || to CD by c D

definition.

24(A) Two straight lines in the same plane perpendi-
cular to the same line are parallel.

Example: D F
D is /! to EF

90 90°
A c 3 B

25(P) 1f two parallel lines are cut by a transverse
line, (a) the alternate interior angles are
equal; (b) the corresponding angles are equal;
and (c) the two interior or exterior angles on
the same side of the transverse line are sup-

plementary.

Example:

(a) fa= b /

(b) Lc= b ' Qe

(c) &b+ d=180° gé
A c+ e = 180°
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26(P) If the sides of two angles are pafallel, each’
to each, the angles are equal.

, LA . ,
Example: \ A’
With AB Il A'B'
and BC || B'C' b
Then & b = 4 b* B— C b
) c’

27(P) If the sides of two angles are perpendicular,
each to each, the angles are equal.

! A
Example: B
A'B' L AB ’ N
BC'_l_BC A
B c
“

28(P) 1If the sides of an acute angle are parallel or
perpendicular, each to each, to those of an
obtuse angle, the angles are supplementary.

Example:

2 a+ b= 180° e+ A d= 180°

29(A) The sum of the angles of a-triangle equals a
straight angle.

Example: ' ¢

Sne Lpr e Q'
A B

30(P) An exterior angle of a triangle equals the sum
of the two opposite interior angles. .

Example:

4j_a + Db




31(p) 1If two sides and the included angle of one
triangle are egual to two sides and the included
angle of another, the triangles are congruent,

'-'(--ﬁ-'mea-ns ,co.ngruen.t.) AB'. .
Example: 1///////<ix c'
AB.= AB'; AC = A'C An=dnr . B are

32(p) If two angles and the included- side of one
triangle equal two angles and the included
sides of another, the triangles are congruent.

Example: Above figures Aa=n0; AB = B
— e \
AB = A'B' .‘.& are f&F

33(p) 1If a side and any two angles of one triangle are
equal to the corresponding side and any two angles
of another, the triangles are congruent.

Example: Same figures. AB = A'B' 4B = £ B'
/ = c =4C'.‘.&are#’d—

34(p) If three sides of one triangle are equal to the
three sides of another, the triangles are congruént.

Example: Same figures. AB = A'B'; BC = B'C';

Pl

CA

ﬁ‘o:& are m

35(p) The three bisectors of the angles of a triangle
meet in one point which is equidistant from the
three sides.

Example: £} 1 = £42;
43:44;‘45:46
Pt. O is common to all bisectors

OX = OY = 02




‘e
36(P) The three perpendicular bisectors of the sides
of a triangle meet in one point which is equi-
distant from the three vertices.
' ' ' c
Example:

AE = EB; BF = FC; CG = GA
Pt. "O" is common
Then OA = OB = OC A

37(P) The three altitudes of a triangle mec:t at one
ppint.,
# ‘

Example:

Pt. "O" is common

38(P) The three medians of a triangle meet in one
point whose distance from each vertex is two
thirds the median from that vertex.

Example:

— — eom—

AX = XB; BY = YC; Cz

Il
N
g

Then Pt. "O" is common

0 =2CX; AO = 2 AY: BO =
3 3

39(P) In an equilateral triangle the altitudes, medians,
angle - bisectors and perpendicular - bisectors of
the sides all coincide and concur at a point two-
thirds the distance from each vertex to the opposite
side.

Example: (Combination of last three propositions applied
to an equilateral triangle.)

40(P) The Theorem of Pythagoras - The square of the
hypotenuse of a right triangle ‘equals the sum of
the squares of the legs.

2 2 4 BC?

Example: AC® = AB




41(P) The opposite sides of a parallelogram are equal.

Example: AB = CD A ,,B
AD = BC

/ R
\\'\xﬁl\
- g ~
pd -~ ~ 3\
D C

42(P) A diagonal divides a parallelogram into two.
congruent triangles. -

Example: Above figure:
Aacopee  ARABC

43(P) The diagonals of a parallelogram bisect each
other.

Example: Above figure: 70 = OC; BO = OD

44(P) The sum of the interior angles of any polygon
is (n - 2) straight angles where "n" is the
number of sides.

A B

Example: In ABCD there are

4 sides. Therefore the sum

of the Zfs is_(4 - 2) 180° = 360°
F - 2) x 180%]

D ~C

45(P) The sum of the exterior angles of a polygon is
two straight angles, or 360°.

Example: <Zfa +Ab + e +24d = 360° /. -
5 = 360° '

46(A) A straight line and a circle cannot intersect \
in more than two points.

47(?) Through three points not -in the same straight
line, one and only one circle can be drawn.

Example: Given ABC - Use
propositions of perpendicular
bisectors and distances from
ends of lines.
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48(P) Two circles can intersect in only two points.

-49{P) ‘A tangent to a.circle .is perpendicular. to.the
radius drawn- to the point of contact.

Example: the tan aB is 1L to
radius "r" at 0.

50(P) The tangents from an external point to a circle
are equal and make equal angles with the line
joining the point and the center of the circle.

Example: See above figure, OB = BP; A1 = A2
51(P) The line of centers of two intersecting circles
is the perpendicular bisector of their common

chord.

Example: AC = CB

52(P) The line of centers of two tangent circles passes
through the point of tangency.

Example: 0-0; passes
through Pt "T" ‘

53(P) Parallel lines iﬁfercept’equal arcs on a circle.

Example: 'Aé\= BD
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s two central angles

54(P) In the same Or equal circle
r intercepted arcs.

have the same ratio as thei

' Example: =~ : v A
4AOB:4AOC=®:@ . B
A ‘

55(P) Any angle inscribed in a semi-circle is a right

angle. *

_Example:

A1, 2 and 2L 3 are

all rt angles.

56(P) Angles inscribed in the same Or equal segments.
are equal. :

Example:

Al=H2=43=4

57(P) An angle formed by a tangent and a chord from
the point of tangency is measured by half the

arc intercepted by the chord.

Example:

2y CTB = 1/2 arc TT :
: C




58(P) A line drawn across two sides of a triangle
parallel to the third side, d1v1des the two
‘sides "proportionally. - 8 oo

Example: _AD = CE

59(P) If any number of parallels are cut by two
transversals, the corresponding segments on
the two are proportional.

Example: Al B c D

AB_ . BC_ _ CD _ _AC etc.
B ¥cr Tor KT

A B c' D'

60(P) If the altitude is drawn on the hypotenuse of
a rlght triangle, then:

(a) The two right triangles formed are similar to the
original triangle and to each other.

{(b) The altitude is the mean proportional between the
segments of the hypotenuse.

(c) Each leg of the original triangle is the mean pro- .
portional between its-adjacent segment and the hypotenuse.

Example:
(aj) HaBp v A anc v \aBC B 5
(b) BD_ _ _DA
DX~ DOC
(c) _BD_ _ AB and_DC_ _ _AC

AB ~ BC A~ BC




o the diameter from any point
mean proportional between the
divides the diameter.

61(P) The perpendicular t
on a circle is the
segments into which it

Example: _AD_ . BC -
TC o):4 B

ide a circle, a secant and
a tangent are drawn, the tangent is the mean
proportional between the whole secant and its

external segment. _ A~
~.

yd

62(p) 1f, from a point outs

Example: BC - AB

le is inscribed in a circle the

any two sides equals the product of
d the diameter.

63(p) If a triang

product of
the altitude on the third side an

e

Example: AB ° BC = BD + BE

problems that Apply Axioms and Propositions

e value of angle x in the following triangle? .

1. What is th
(Axiom 29)

]

o0

pd 90"
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2. The following two triangles are congruent. What
is the value of angle x, line y, and line 8 of Triangle
No. 2? (Proposition 31)

: 2 70 ‘ g
Z0° 90
20 3

3. Using the Theorem of Pythagoras solve the follow1ng
triangles for the unknown side:

(1)

(2)

(3)

: 40 .
4. What is the value of angle x in the following figure?
(Proposition 44)

5. What is the value of angle x in the following figure?
(Proposition 45)

(Not to Scale)"ou
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6. What is the value of angle o< ? State the Axiom.

7. Is t, equal to tl? If so, state the Axiom.

8. 1Is x equal to y? 1f so, state the Axiom.

Iv - Mensuration

Mensuration is defined as that branch of
agglied geometry concerned with finding lengths of lines,
areas of surfaces, and volumes of solids.

In many engineering and mathematic handbooks
lists of formulas are given. These formulas are a big
aid and convenience in the solution of problems involving
lengths, areas, and volumes.

The user of the formulas should have a fairly
good knowledge of algebra, geometry, and trigonometry.

Up to this point in the course you have
learned algebra and geometry. You will be able to use
several of these formulas at present. Some.of the
formulas involve the relations to be learned later in
trigonometry.

<
B8
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The following pages cover (1) common units
of measure which are found under conversion factors
in engineering handbooks, and (2) formulas for various
lengths, areas, and volumes found under mensuration.

UNITS OF MEASURE

Acre

Circumference

Cubic Foot

Cubic Yard

Gallon (U.S.)

Chain
Mile

Radian

Rod

Section

Ton

Townsliip

One Square Mile
One Square Yard
One équare Foot

One Station

0.0015625 square mile; 10 square
chains; 160 square rods; 4,840
square yards; 43,560 square feet.
270 R or 6.28319 radians.

1/27 cubic yard; 7.481 gallons (U.S.);
1728 cubic inches: 62.4 pounds of water.

27 cubic feet; 202.0 gallons (U.S.).

@ 62° F. weight 8.337 pounds;
0.13368 cubic foot; 231 cubic inches.

0.0125 mile; 4 rods; 66 feet; 100 links.
80 chains; 320 rods; 5,280 feet. .

2 ’W or 0.159155 circumference or
revolution.

0.25 chain; 16.5 feet.
1 square mile; 640 acres.

2,000 pounds.

36 square miles; 23,040 acres.

- 640 acres.

9 sguare feet.

144 square inches.

100 feet.

AY




“Right Triangle A = 1/2 ab.

MENSURATION: LENGTHS, AREAS, VOLUMES

Notation: a, b, c, 4, s are lengths, A is area,
V is volume.

c = Va2 + b%, a = c2 - b, b= Vel - a

Obligue Triangle

A = 1/2 bh.

Equilateral Triandgle

A= 1/2 ah = 1/4 a2 V3. : 8/, a
|

h = 1/2 a V3. 1

Sguare

A=a2;d=a 2.

Rectangle

A = ab; d = Va® + b2.

parallelogram (opposite sides parallel)

A = ah = ab sjn Q.
= a“ _+ bé - 2ab cos &
= “/a? + bs + 2ab cos b .

Trapezoid (one pair of opposite sides
parallel)
a=1/2h (a + b).

Isosceles Trapezoid (non-parallel sides equal) p

A

1/2 h (a + b) = 1/2 c sin & (a + b) c
[

c sin A (a - c cos A) = c sin &
(b + c cos B ). ‘
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v C = circumference
Circle {A = central angle in radians

C = D = 2 7T R.

c =Ra =1/2 DA =D cos”1 @&

L =2 VR? - @2 = 2 R sin &_

2 d tan c. -2

D .

a=1/2 Var? - 12 = 172 Vp? -2 =

1/2 L cot c.

D

h =R - d.
aA=c¢c=2c =2 cos™l 4 = 2 tan-l_k = 2 sin”?1 1.

R D R 2d D

A (circle) = TIRZ2 = 1/4 X D? = 1/2 RC = 1/4 DC.
A (sector) = 1/2 Rc = 1/2 R2A = 1/2 D? A

A (segment) = A (sector) - A (triangle) = 1/2 RZ (A - sin Aa)=
1/2 R (c - R sin ¢ ) :
2 -1 ( R ) -1 2 )
= R2 sin"! 1 - 1/4 1 V4rRZ - 12 = R2 cos™" 4 - d VR? - d
R

.. 2R
= R2 cosl R = h - (R - h) V2Rh - h2.
' R
- Ellipse
A = 7Ttab.
Perimeter (s) =

X (a + b) [1 +% ?a -b%z +.1 §a -t e 1 {a -b)6.+..]'

a+ b 64 la + b) 256 (a + b)
Parabola Mo
A = 2/3 1d.
Length of arc (s) = LV16 @ + 1? + 12 In faa Vieda? + 12
2 8d 1
=1f1+2 iaqu -2 3.2.9}4 +]
301 5 {1 |
Height of segment (dp) = §2(L2 - le)_ e
"

Wwidth of segment (Ly) = 1 d - d1.
1 __7;__1
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as

d = aV3. ’ ' A \

urface = 6al.

3
0
o
o
’_l
w ~
o

Rectangqular Parallelopiped

v = abe; d = Va2 + b2 + c2.
- motal surface = 2(ab + bc + ca).

Prism or Cvlinder

v = (area of base) x (altitude)
Lateral area = (perimeter of
right section) x (lateral =~~~
edge). ‘

— — — =< F— ——

pyramid or Cone

v = 1/3 (area of base) X
(altitude).

Lateral area of regular
figure = 1/2 (perimeter of
base) X (slant height).

- -~ — —-F =~ —]

Frustum of Pyramid or Cone

Vv = 1/3 (A] + Ay + VA x A2)h,
where Ay and A are areas of
bases, and h is altitude.
Lateral area of regular
figure = 1/2 (sum of peri-
meters of bases) x (slant heig

e - —-F —->

Prismatoid (bases are in parallel plans, lateral faces
triangles or trapezoids)

V=16 (A] + Ay + 4 Am)h,

where Ay, Ap are areas of bases, Am is area
of mid-section, and h is altitude.

. 117
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Sphere -

A(sphere) = 4 ¥R% = D2,
A(zone) = 2 XRh = TDh.
V (sphere) = _4}_17R3 = _1_7\'D3.
3 6
V (spherical sector) = -ﬁth = };nDzh.

2

3 6

V (spherical_segment of one base)

= '1ahy(3r;2 + 1y?) = L wh1?(3R - h1).
6 3 ‘

V(spherical segment of two bases)
= ilnh(Brlz + 3r22 + h?).
6

MENSURATION: PROBLEMS

1. Find the volume in cubic feet in Figure 1.

Figure 1

2o

Solution: This problem can be solved in various ways.
For example. it can be brcken into simple sections, it
can be computed by the trapezoidal formula, or by end
areas. These three solutions are shown below. '

A/ 'ngh l_

Vi + Vy + V3 \
1/2 bhw + 1lwh + 1/2 bhw
16 + 32 + 16 = 64 cu. ft.
1/2(a + b)hw = 1/2(2_+ 6) 4 x 4 = 64 cu., ft.
172 [(4 x 6)+(2 x 4) ] 4 = 64 cu. ft.

< <<
imwonn
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2. Find the volume in cubic feet of Figure 2.

, o3’
ate— 4 —=| y?’ Figure 2

e

8

|

| il '2- S |

>

f—

Answer - 237 c.f.

3. Find the cubic yards of concrete required to build

the section shown 1n Figure 3.

P

A

24’

4. What is the amount of backfill needed in cubic yards
to fill a trench that has an average cut .of 6 feet, 3 feet
wide, and 24" x 40' cMP is to be placed therein?

Answer - 22 C.Y.

5. How many cubic yards would be used in constructing
a wing wail one foot thick of the following dimensions.

le— 8'—~

Figure 5
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6. How many cubic yards of concrete are needed to
build a concrete pipe 60" interior diameter, 6" thick
and 8' long?

Answer - 2.56 c.y.

Area and Volume Problems

7. A spreader box deposits aggregate base material
on the roadbed in a windrow as shown below:

/N
e

At the weight of 150 lbs. per cublc foot, how
many tons of material will be deposited in one.mile?

—ﬂ

‘——N

51

8. The tank on a water truck is 20 feet long and 10 feet
in diameter. Find the volume of the tank in cubic feet.

Answer - 1570 c.f.

9. TFind the surface area in square yards on a one-mile
length of 24-foot wide concrete pavement.

0.67~-foot thick and 24-Leet wide. How many cubic yards
of concrete will be required for 1 mile of pavement?

10. Portland cement concrete pavcwment is to be place

Answer ~ 3144.53 c;y.

11. Aggregate for road-mixed asphalt concreté surfacing
is deposited on the roadbed in a triangular windrow 6
feet wide and 3 feet high. After mixing and spreading
uniformly on a 24-foot wide roadbed, what will be the
final thickness of surfacing?

12. The trench for an 8" perforated metal pipe is 18
inches wide, 4 feet deep, and 500 feet long. After the
pipe is in place, how many cubic yards of permeable
material will be regquired to backfill the trench?

. Answer - 104.59 c.y.

4
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-

13. 1f permeable material weights 150 1bs. per cubic
foot, how many tons will be required in the above
problem?

14. A l-inch blanket of asphalt concrete is to-be placed

on a 24-foot wide highway for 6.4 miles. At the approximate
weight of 150 1bs. per cubic foot for asphalt concrete, how
many tons will be required?

Answer - 5068.80 tons

15.. An asphaltic emulsion fog seal coat is to be

applied to an existing 40-foot wide highway at the
rate: of 0.05 gallon per square yard. If 240 gallons

of emulsion weighse 1 ton, how many tons will be re-
guired to cezl 28.7 miles of highway?

16. Curing seal is applied to portland cénent concrete R
pavement at the rate of 1 gallon per 150 square feet. How

many gallons will be reguired to seal 8.3 miles of 24-foot
wide concrete pavement?

Answer - 7,011.84 gallons
17. A corrugated metal pipe is to be placed in a trench
3 feet wide, 5 feet deep, and 100 feet in length. How
many cubic yards of structure excavation will be required?

Geometry Problems

18. Hcw many gallons of water will a tank 10' deep and
shaped as follows hold? (1 c.f. = 7.481 gal.) See Units

of Mcasure. ,
6.0
R
. 'o’

°
Ty
i I
R
Answer - 2,693.16 gallons
19. 1In the following sketch how many additional acres

of land will be required to make the indicated improve-=
ment?. The construction of a free right-turn lane.
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(One acre = 43,560 ft.2)

— v— — t———  apo— s oo S ——— cmanrn

100 —of+80e——— 150" ——>

Exist. R/W ng

New R/W Line

T T 8TATE RTE. 2 T

20. -How many cubic yards of concrete must a contractor
order to pour two head walls of the following shape
(One cubic yard = 27 cubic feet)

(No Scale)
Answer - 6.1 c.y.
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21. How many cubic yards of excavation is required
to build a drainage ditch one mile long with the
following cross section?

22. A contract calls for the installation of a 48-inch
CMP to drain a low spot between two roadways. The pipe
will drain the low spot into a creek 4,892 feet away.
Flow line of the pipe shall be 8 feet below the existing
ground and the excavation must be 2 feet wider than the
diameter of the pipe. How many cubic yards of structure
excavation and structure backfill are involved?

Answers - Structure Excavation
Structure Backfill

8,697 cubic yards
6,419 cubic yards




23. The area described below is under study for use as \
a parking lot. How many acres of parking will this area

provide? If this area is used for a parking lot it will

be paved with asphalt concrete 0.5 feet thick. How many

tons of asphalt concrete will be required to pave this

lot? (Asphalt concrete weighs approximately 150 lb/ft3)~

e

i20’ J, 60 .
T
\ 1k
| 40’ | o N
onop : +
HO . o .
BUILDING \ |8 ® 40

}*—53'—4—’! 1

Answer - Area = 0.714 acre;
Tons A.C. = 1,166 tons




Vv - Common Prismcoid Problems

A prismoid is a solid bounded by planes,
the end faces being parallel to each other and.having
the same number of sides.

Solving for the volume of a prismoid is
one of the most frequent problems encountered by the
highway engineer. For estimates the designer must
calculate volumes of earthwork, ditch and channel
excavation, structure excavation and packfill, concrete,
masonry, and many other items. Likewise the construc-
tion engineer must calculate the final volumes of these
items for payments due to the contractor.

The methods used, by and large, for determi-
nation of volumss of-such.ifems are (1) the average end
area method, and (2) the'pri§moidal formula method.” g -
The formula used will depend on the accuracy necessary.

As a rule the end area formula will give somewhat
larger volumes than the prismoidal formula.

An oﬁtline of the two methods follows:

(1) Average End Area Method

. The simplest method of computing the volume
of a prismoidal solid is to average the areas of the
two bases (or ends) and multiply by the perpendicular
distance between them, or by formula,

. v = (AL + A2) X L
2

which is known as the End-Area Formula.

In California and throughout the remainder
of the United States this method is used to a very
great extent for earthwork computations. It does not
give sufficiently accurate results for classes of
work such as masonry Or concrete.

The Standard Specifications in use by the
Division of Highways specify that the average end
area method be used for computing guantities of roadway
excavation except in special cases.
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Example (using Enc-Area Forrula)

Problem: Two cross-sections 100 feet apart are
as follows:

/
F._*.._A._S..Q. e e —~-~>‘ L 60‘ -l
r< b
\__ab‘ "ﬁ—‘*w'
40

A T LA
First Area = Aj Second Area = A,

) What is the volume of dirt removed from
between the cross-sections?

Solution:

By the area of a trapezoid formula

Ay = (40" + 80')(20°) = 1200 square feet
( 2 )

A, = (40° + 60')(10') = 500 square feet
( 2 )

and from the statement of the problem 1l,= 100°'.

Substituting these values in the end-area
formula

» V= (A + A, L
( 2 )

(1200 sqg. ft. + 500 sq. £t.) (100 ')

V =
( 2 )
V = 85,000 cubic feet, and 1 cubic font =_1 cubic yard
27
V = 85,000 cubic feet {(_1l) = 3148 cubic yards.

(27)
(2) Prismoidal Formula Method

The correct volume of a prismoid is exproessed
by the "Prismoidal Formula":

5 6 '-' -
in which 1. is the perpendicular distance between the “two
bases (or ends), Aj and As; and Ap is the "middle area®,

4
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that is, the area half-way between the two bases.
The dimensions of the middle section are found by
averaging the corresporiding dimensions of the end
sections. The middle area is computed from the
dimensions of this middle section and is not the
mean oL A4 and Az.

Example (using Prismoidal Formula)

Consider the two cross-sections to be ends
of a prismoid of roadway excavation:

- 80
e 60’ N b -
il — ) ’
\ ;IO' / <\\\\\_——_—20'
R . . ,‘! 40' ‘ »",J N .
: 3o’
Area No. 1 Area No. 2
=Al = A2

Problem: Find volume of roadway excavation:

Upper measurement Ap = 60' + 80" = 70
2
Lower measurement Am = 40' + 40' = 40°
. 2
o Height of Am ) = 10' + 20' = 15'
2
or 70’
! ol
T & |
B .50
An \___
40'
Area No. 1 or Ay = (60' + 40') (10') = 500 sqg. ft.
( 2 )

1]
]

Area No. 2 or Ajp (80' + 40')(20"')

( .2 )

Middle Area or Ap = (70' + 40'){15') = 825 sq. ft.
( 2 ) '

1200 sgq. ft.
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Substituting in the prismoidal formula:

V= L (A} + 4Ry + Aj)
6 L]

V = 100 | 500 + 4(825) + 1200]
3

V = 83,333 cu. ft. = 3086 cu. yds.

Compare this volume with volume shown
under End-Area illustration.

Problems

Area No. 1 Area No. 2
or Al or Az

The two areas shown above are neat lines
of a proposed roadway excavation section on a highway
project. The distance between the two sections is
140", '

Fird the volume cf material that will be
excavated between the two secticns by the end area -
method and by the prismoidal formula. State your
answers in cubic yards.

)
2. i
-J —

4OI |
RN

60’ ' T -
Area No. 1 "~ Area No. 2
orx Al or A2

The areas shown above are the bases (or
ends) of a prismoidal solid. The solid 1s 300 feet
long. Find the volume by both the end area method
and prismoidal formula.

' Answer: Vp = 14,667 cubic yards
Vp =

13,740 cubic yards




c. By determinants

(1) The value of each unkncwn in a system of linear equations
is the quotient of two deterwinants.

.(a) The determinant of the denominator consists of the
coefficients of the unknowns written down in order, and is the same
for all unknowns.

(b) The determinant of the numerator, for any unknown, is
found by inserting in the denominator the constant termse in place of
the coefficients of that unknown.

Example:
Given a;x + by + c1z = d;
agx + by + c2z = d2
azx + b3y + €32 = ds
Then
djbicy aydic€1 aybjd;
lagpae2y 0 aadzc2,- . .|a2b2d2
dib3c3a _ aadic3 a3b3dj3
X = Yy = e et it 2 T ————
a1bicl a1b1cl : aibici}
azb2c2 azbpc2 azb2c2
a3b3c3 azbicy azbicy
dibpc3 + bicpd3 + c1dab3

[}

-d3b2cl bicad) - c3dabl

ajbac3 + pjcazy + clazbj
az b2 -a3byc] - b3jcal - c©3az2bl

Each set of numbers multiplied together as indicated by the arrows.
The product is given a positive sign for lines running down to the
right and a pegative sigh for lines running up to the right.

(3) The value of the determinant is:
{a) vZero, 1f-eaéh element of any row or column is zero.

(b) <Zero, if two rows or columns have proportional or’
identical elements.

(c) Unchanged, if the rows and columns are interchanged.

(d) Unchadged, if a constant multiple of each element of &
column or row is added to the corresponding element of another column
or row. , ‘

. (e) cChanged in sign, if any two rows or columns are
interchanged.

(£) Multiplied by X, if the elements of any Zow Oox cclumn
are multiplied by k. 129
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Procepure CaLcuLaTte ARea OF TRAPEZOIDS. '
Sumtract Trapezons M IV ¢Y From

Trarezoips 1 & 11,

1 I m X Y
n= (255)(a-8) + (246)(8-0)- (4 )a-8)-(H)(E-D)- ko)

MULTIPLY TERMS '
A=Y%(aA+bA-3B- bB)+'/2(bB+cB-bC—cC) -'/2(8A+eA- ac-eE)

Y (eE+dE-eD-dD) - ) (dD+cD-dC-cC)

MuLTipLy BotH SipEs By 2 AND CanceL Like TERMS,

2A = Ab + Be +Cd +De +EQ -aB-bC-¢cD-dE-eA

ALTERNATE METHOD
wWr1TE CooRDINATES 1N CLOCKWISE ORDER: AND
CROSSMULTIPLY |

. 39 _~rb [ ACNEZANPIAC 4 |
2A = Zo<be & o< o<t <A

REMEMBER THIS 15 TWICE THE AREA
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SECTION 3

Trigonometry

. 1 - General

Trigonometry (trig) is the detailed study
of the properties of one geometric figure - the
triangle. Highway engineers use the triangle in many
ways--slope chaining, horizontal curves, latitudes,
departures; in fact, our highest form of surveying is
called triangulation. '

In geometry, the triangle was studied. The
Theorem of Pythagoras - Hypotenuse 2’z sum of the
squares of the other two sides. Geometric study re-
quires that in one way or another, the lengths of all
3 sides must be known.

Trigonometry considers the properties of

the other part of the triangle ~ the angle formed where

twe sides intersect. Knowledge of these properties is

invaluable. It is often much easier to merely me€asure

the length of one side, and the angles at each end, than

it is to measure two or three sides. Many times measure-
= ment of one side is impossible. It is much easier and

more precise to measure angles with a transit than it

is to measure distance with a tape.

To use this knowledge, certain properties
must be known. These are called Trigonometric Functions.
The three major ones are sine, cosine, and tangent, and
they are explained in the next section.

Each angle has a definite value of sine,
consine, and tangent. These have been computed accu-
rate to the eighth decimal place for every degree,
minute, and.second of angle. These books are large
and expensive. Numerous condensed tables are available.
Surveying books often -have them and we recommend the
textbook "Surveying" by Bouchard and Moffit, published
by International Text Book Coinpany, Scranton, Pa.
Approximate functions of angles can also be read from
most slide rules. These are not precise enough for
many calculations and should not be used in surveying.
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| 11 - The Right Triangle

O

Figure I
o7 d :

A b’c

) The functions of the angles of a right
triangle are the decimal equivalents of the ratio of
the lengths of the various sides. Using Figure I,
the functions of the angle at A are the ratios a/c,
b/c, a/b, b/a, c/b and c/a, where a, b, and c are
the lengths of the respective sides of triangle ABC.
The functions of angle A are defined as follows:

(A)

alw

is called the Sine of A, written Sin A

alo

is called the Cosine of A, written Cos A

Ul

is called the Tangent of A, written Tan A

R Te)

is called the Cosecant of A, written Csc A

is called the Secant of A, written Sec A

w|o U0

is called the Cotangent of A, written Cot A

(B) That is:

sin A = a = opposite side ‘Csc A = ¢ = hypotenuse

c hypotenuse ' a opposite side
Cos A = b = adjacent side Sec A = ¢ = hypotenuse

c hypotenuse b adjacent side

140
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Tan A =

a = opposite side Cot A = b = adjacent side
b adjacent side a opposite side

Pythagorean Theorem a2 + b2 = c2

(Cc) Functions of Complementary Angles
Sin ¢ = a = Cos B Cos o< =D = Sin B8
Tan o4 = got B Cot o< = ;an B
Sec oK = Csc Csc o= Sec B A

The definitions of Sectiéns B and C above
should be thoroughly learned.

R ]

There are also two other functions used in
some endineering calculations. Versed Sineoct = 1 - Cosoft,
| and the coversed Sineo< = 1 - Sino¢. These are not used
| frequently, but should be at least kept in mind.

Trigonometric Functions

In general, any value of 'a trigonometric
function is an endless decimal. By advance methods,
the functions of any angle can be computed to as many
decimal places as desired.

The trigonometric functions are the ratio of
two sides of a triangle.

The functions used most frequently are the
sine, cosine, and tangent.

Two common right triangles warrant special
consideration: the 30° - 600 and 45° triangles. For
these triangles the fcllowing sketches show their
geometric relationships:

B
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= 1/2 Sin 45° =

Sin 30° = a = a_ a =1
' c 2a a<ﬁ iﬂ?
cos 30° = b = V3a = 1/2V3 Cos 450 = _a=1_= 1/2 V2
c 2a av5 {ﬂr
Pan 30° =a=_a=_l*= 1/3Y3 Tan 45° =2 =1
b a;B V3 a

CLASS WORK USING THE SIX FUNCTIONS OF A RIGHT TRIANGLE

1. Using Figure I, write the six functions of}Aﬁgle'B.
2. sState which is the greater - (a) Sin A or Tan A

(b) Cos A OI Cot A.

3. Find the six functions of A when a = 2b.

4. Find the length of side a if Sin A and ¢ = 20.5.

3
5

5. Show that each function of an acute angle of a right
triangle is equal to the co-named function of the comple-
mentary angle.

6. Which is larger, 2 Cos 15° or Cos (2 x 15°), if
Cos 15° = .9659 and Cos 300 = .8660.

7. - prove that the Cos 60° = 1/2.

Use of Trigonometry
Now we have learned that if we have one angle
and one side of a right triangle we can solve the tri-
angle for all its unknown parts.

Example No. 1

Given:

A b b




@

We are given the slope distance and the slope
angle of a line from A to B. Wanted: the horizontal
and vertical distance of B from A.

Solution:

Let the horiéontal distance be h.
Let the vertical distance be v.

1B

v
A 30°
h
Write the functions of a 30° angle.

1. Sin 30° = opposite side = v
- hypotenuse 200’

2. Cos 30° = adjacent side = h
\ hypotenuse - 200

3. Tan 30° = opposite side = v

adjacent side h

By observation we see that the solution of
No. 1 will give the value of v.

Sin 30° = v

200"

The value of the Sin 30° = 1/2. (From page
3-4.,) Now substitute 0.5 for Sin 30° and solve the
equation for v.

0.5 = v

200!
v = 200' (0.5)
v = 100"

Now we see the solution of No. 2 will give
the value of h. :

Cos 30° = h
20

O '
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_page 3-4.) Now substitute 0.577 for Tan 30° and solve

The value of the COS 30 = 1/2 V3. (From'
page 3-4.) Now substitute 0.866 for the Cos 300 and
solve the equation for h. :

0.866 = h
200"

h

200' (0.866)

h 173.2"

Answer: v = 100', h=173.2"'

Example No. 2

The angle from the ground to the top of a
flagpole is 300. The distance from the point of angle
to the base of the pole is 85 feet. How high is the

flagpole?

Given:

30°

85"’
wanted: Height x
Solution:
By observation we see that the given distance
and the required height (adjacent side and opposite

side respectively) involve the Tan of. the given angle.

Tan 30° = opposite side = X_
adjacent side 85’

The value of the Tan 300 = 1/3 V3. (From

the equation.
, boo
0.577 = X_
sl

00}

x = 85" (0.577)

Answer: x = 49.04'

144

138




Pfoblems involving right triangles: B

"l. b= 20.4 X A =30° find a.

]

2. a=178 4B = 40°, find c. a

3. ¢ =345 2 A= 70°, find b. A/ 5 C

4. Find the length of the horizontal shadow of a man
six feet tall when the angle of elevation, from the
~horizon to the sun, is 75°© 36'. Answer: 1.54 feet

5. A guy wire 35 feet long is stretched from level

ground to the top of a vertical pole 25 feet high.
Find the angle between the pole and the wire.

6. How high does an airplane rise in flying 4000 feet
upward along a straight path-inclined 28© 47' from the
horizontal? Answer: 1926 feet

7. Find the height of the Empire State Building in
New York City if the angle of elevation of its top is
61© 37' when seen from a point on the street level
675.4 feet from the building.

8. The largest tree in California is the General Sherman
tree in the Sequoia National Park. At a point 185 feet
from the tree, at the same elevation as its foot, ‘he
angle of elevation of the top of the tree is 550 =9*.

How tall is the tree? Answer: 272 feet

9.. A spy arranges to show a light at an oil tank 250
feet above the water level near an ocean beach. An
observer 10 feet above the water level on an enemy sub-
marine finds that the angle of elevation of the light is
30 27', Find the line-of-sight distance from the sub-
marine's guns to the tank. .

10. From the top row in a football stadium, 85 feet
above the ground, the angle cf depression of the center

of the field is 32° 10'. Find the line-of-sight distance
from the top row to the center of the fleld Answer:
160 feet ’
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Trigonometric Functions

Prat Sin Cos Tan
30° 0.50000 0.86603 '0.57735
4¢° 0.64279 .0.76604 0.83910
700 0.93969 0.34202 2.7475 °
750 36'  0.96858 0.24869 3.8947
44° 25'  0.69987 0.71427 0.97984
280 47'  0.48150 0.87645 0.54938
61° 37°  0.87979 0.47537 1.8507
550 49'  0.82724 0.56184 1.4724

30 27'  0.06018 0.99819 0.06029
320 10'  0.53238 0.84650 0.62892

1II - Trigonometric Functions of Any Angle

In the first section, we only considered right
triangles or triangles which could be cut into right tri-
angles for purposes of solution. There are, however,
oblique triangles which cannot conveniently be solved by
merely separating them into right triangles.

Using Figure II, we consider OX as positive and
OX' as negative. We also consider OY as positive and OY'
as negative. With respect to angles, any angle is con-
sidered positive if the rotating line which describes it
moves counterclockwise.

Figure II
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By using a circle with a radius of unity,
(R = 1), each of the 3 main functions will be as follows
(neglecting signs).

Sin x = = MP

r1%

"
o
=
"

Cos X oM

*\\\P T ,
,;» Woppes 1
! < A
Tar X = Ag = AT /
' |
/‘

By examining the figures, we see that in-
Quadrant I, all the functions are positive. 1In Quadrant
11, Sin only is positive. In Quadrant I1I, Tan only is
positive. In Quadrant IV, Cos-only is positive.

Also from examination of the figure and the .
unit circles, the following relationships are ~btained:

Quadrant IT Quadrant III

(x = 1%6')
Sin x = Sin (180° - x) Sin X = - Sin (¥Y8QRem—)

- Cos éﬁ&ili323°

Cos X = - Cos (180° - Xx) Cos x =
‘ gx - '80.3)
Tan X = — Tan (180° - x) Tan % = Tan
f or, if x = 170° or, if x = 245°
| Sin 170° = Sin 10° Sin 2450 = - Sin 65°
| Cos 170° = - Cos 10° Cos 245° = - Cos 65°
Tan 1702 = - Tan 10° Tan, 245° = Tan 65°
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Quadrant IV
Sin x = - Sin (3600 - x)
Cos*x = Cos (360° =~ x)

Tan x = - Tan (360° - x)
or, if x = 310°

Sin 310° = - Sin 50°
Cos 310° = Cos 50°

Tan 310° = - Tan 50°

Now, if we were to: First, lay the unit
circle out into a straight line and call anything above
the line positive and anything below the line negative,
second, lay off four equal parts of 90° each and call
these parts Quadrant I, II, IIIL. 1V, respectively, and
third, plot the three trigonometric functions; sine,
cosine, and tangent, we would obtain the following plot:

g 8

] -
! ]

o° /'90° 180° 270° 360°
Qua.1 / | Qua. I |Qua. I/ |Qua IX
! !
o
45 [ /
/ ’ //
/ /
+ f
| N pZ
0.707——= /! /
(+) ’ /N $ / /
L | / |




From this plot we can observe many things;
First: L

(a) All functions are positive in Quadrant I.

(b) The Sine is the only function positive in
Quadrant II.

. (¢) ThHe Tangent is the only function positive in
Quadrant III.

(d) The Cosine is the only function postive in
Quadrant IV.

Second:

(a) The Sine of 0° equals O.
(b) The Cosine of 0° equals +1.
(c) The Tangent of 0° equals 0.
(d) The Sine of 90° equals +1.
(e) The Cosine of 90° equals O.

(f£) The Tangent 90° equals©® (©© = Infinity) and
sO On.

"Third: .

(a) The value of the Sine and Cosine are less than
one (1) for all angles. '

(b) The Tangent of 45° equals 1; the value for the
Tangent of angles < 45 is «<1.0. The value for
the Tangent of angles.>>45 is >1.0.

Fourth:

The Sine .and Cosine have équal values at
45°, ‘

Fifth:

The value of the Sine and the Tangent is
almost equal for small angles.
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Sixth:

What can we say about the relationship
between the Sine and Cosine? What else can we learn
about the Sine, Cosine, and Tangent from this plot?

Since the solution to a trigonometric
problem may show a negative answer, this portion was
included to show that the direction of rotation and
the position of the positive and negative gquadrants
are the only way you have of knowing where an angle
is in the solution of a complex trigonometric problem.

IV ~ Oblique Triangles

‘oblique triangle when three independent parts are

There are three main solutions to an \
given. These solutions are: !

1. Law of Sines
2. Law of Cosines

3. Law of Tangents

The first two of these, (Law of Sines and
the Law of Cosines), are the most used.

1. Law of Sines

S ,
In any triangle, the lengths of the sides
are proportional to the Sines of the opposite angles;,
that is:

(A) ‘a:b:c = Sino€:Sin B:Sin Y or

(B) a = b = C
Sino¢ Sin B Sinr

C

(C) In (B) we are abbreviating three equations:




a =Db B o = c
Sino<c Sin B? Sin B SinY

Example: B
Given:
A oC=.25° 10" C B 3
& B = 110° 20 :
g :A$30.6 zx o Y C
' b
Solution:

With two angles and one opposite side we
can solve for side b by the Law of Sines.

a = b = C
Sine< Sin B Sin r

We are given a,dl o<, and £ B, and we want
side b. So we shall use:

a = Db
Sin ol Sin B

Solve for b: b = a(Sin B)
" Sin o€

Look up the functions of the given angles.

Sin 25° 10' = 0.42525 (Sin o<)

Sin 110° 20' = sin (180° - 110° 20') = Sin 69° 40'

and Sin 69° 40' =,0.93769 (Sin B)
Substituting these values- in the above equation:

b = 130.6 (0.93769)
0.42525

b = 288.0"

2. Law of Cosines

In any triangle, the square of any side is
equal to the sum of the squares of the other two sides
minus twice their product times the Cosine of their
included angle; that is: '

s 5|




(A) a? = b + c? - 2bc Coso&
(B)"b2 = a% + c2 - 2ac Cos B
(c) cl = al + p2 - 2ab Cos ¥

By solving A, B, and C for the Cosine

we get
Cosg ©% = b2 + c2 - al
2bc
Cos' B = a2 + c2 - b2
2ac
cos ¥ = a2 + b2 - c?
2ab
B
C B a3
ot Y
A C
b
Example:
. B
Given:
2y = 41° 20"
a = 140 feet
. b = 620 feet
] c = ?
A
Solution:
with two sides and the included angle, we
can solve for side C by the Law of Cosines. "y

5

2 = a2 + b2 - 2ab Cos Y

o))
[}

2 (140)2 = 19,600
b2 = (620)<¢ = 384,400
2ab = 2(140) (620) = 173,600

Cos ¥ = Cos 41° 21' = 0.75069

146
152




2 - (19,600) + (384,400) - (173,600)(0.75069)

c? =
c2 = 404,000 - 130,320
c? =273,680

c =V273,680

c = 523.15 feet

Answer: c = 523 feet

3. Law of Tangents

’b - c=Tan 1/2 (B -T )
b

In a triangle, the difference of any two:
sides, divided by their sum, equals the Tangent of
one-half of the difference of the opposite angles
divided by the Tangent of one-half their sum.

a-b = Tan 1/2 LP‘L B)
a+b Tan 1/2 (o< + B)

0
{
sV
]

Tan 1/2 (r =oX)
c + a Tan 1/2 (Y +o<)

+ ¢ Tan 1/2 (B + Y )

We can use the Law of Tangents df we have
twé sides and an angle opposite, or two angles and a
side opposite.

The Law of Tangents is the least used of all
the laws due to its complex nature.

Fxample:
Solve the A ABC if ZJo<= 78° 48', b = 726, c = 938’

solution by Law of Tangents: =

c - b = Tan 1/2 (¥ - B)
c+b Tan 1/2 (Y + B)

Tan 1/2 ( ¥ - B) = (c_ - b) Tan 1/2 (¥ + B)
‘ c+Db

WS,
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Given: & ©X.

b = 726
c = 938'
1/2 ( ¥ + B) = 1/2 (180° - o« ) Total of the interior pat
‘|of a triangle = 180°
1/2 (¥ + B) = 1/2 (1809 - 78° 48%)
= 1/2 (101° 12°')
= 500 36'
Tan 1/2 (r - B) = (938 - 728) Tan 50° 36'
) (938" + 726)
= (212) Tan 50° 36'
1664’
The function for the Tan 50° 36' = 1.2174
Tan 172 (¥ - B) = (212)(1.2174)
1664’
Tan 1/Z Y - B) = 0.1551014
Tan 172 (¥ - B) = 80 49!
Now we Know:’
1/2 (r + B) = 50° 36 .
172 (r - B) = 8° 49!
Simplify:
1/2 Y + 1/2 B = 50° 36' Now we have two equa-
Add 172y - 1/2 B =_ 89 49' tions with two unknowns.
Y = 5% 85" Add to solve for Y
Y = 59° 25° Subtract to solve for B.
Check angles:
49° 96’
1/2 ¥ +.1/2 B = gg° 28 o= 78° 48'
Subtract 1/2 Yy - 1/2 B= 8° 49! B = 41° 47°
- (+) (=) Yy = 599 25°
B = 41° 47' = = 180° 00'
Now we have all three angles and two sidesy
of the triangle. We can solve for the remaining side
by the Law of Sines.
148
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- A <= 78° 48’
2 B=41° 47
< r= 599 25°
c = 938
b = 726 ,
a = ?
) a = Db
* Sin o Sin B
a=D)b Sin o€
Sin B
4
a = 726 sin 78° 48
Sin 41° 47°'
{ ~ The function of the:Sin 78° 48' = 0.98096
N Sin 41° 47' = 0.66632
; . !
B a = 726 (0.98096)
(0.66632)
a = 1069’
Answer: a = 10692 Y = 59© 25', B = 41° 47"

PROBLEMS - Oblique Triangles

Solve by Law of Sines:

1. b =5 4= 750 AB = 30°

find a, ¢, and &4 Y (Answer a = c = 9.659, < ¥ = 752 0')
2. a = 5049%=37° 30' B = 71° 10°

find b, c, and < Y

Solve by Law of Cosines:
3. a=6 c=10" ZAB = 1550 30°
find Db. (Answer = 15.f3

4 c =11 Aoc= 630 28

o,
o
]

find a.

~on
st
-~
L
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Solve by Law of Tangents:

5 b= 30 c=25L0¢= 50°

2 B,

find a,

kSolve by Any Method:

6. A Dattery commander "B"
target "T" from & position "G"
visible. To check on the range

range finder,
from which *T" and
“p from”G’ is N. 120 48' E., of"
and of'H" from“G'is 5. 820 53'
found that GH = 3250 yards.
target "T" from"G'

Trigonometric Functions

¢£:; Sin
19° 11'  0.32859
240 30' 0.41469
30° 00' 0.50000
370 30'  0.60876
500 00' 0.76604
530 58'  0.80867
630 28'  0.89467
710 10'  ©.94646
710 20'  0.24740
750 00'  0.96593
760 02'  0.97044
760 30'. ' 0.97237
840 19'  0.99508

and &Y

wp" locates an ob
"g" are visible. h
™ from"H

E.

Coe

0.94447
6.90996
0.86603
0.79335

0.64279

From a map it is
rind the range of the

is order to shoot at a
, from which "T" is
T-T as found by a
servation point "H"
The bearing of

is N. 60 23' W.,

Tan a
0.34791
0.45573
0.57735
 0.76733
1.1918v;~
1.3747.
2.0028
2.9319
2.9600
3.7321
'4.0207

4.1653

10.048




TRIGONOMETRIC FORMULAS

Radius, 1 = sin? A + cos2 A
= sin A cosec A = cos A sec A = tan A cot A
Sine A =cos A= 1 = cos A tan A = V1 - cos? a
cot A cosec A
Cosine A=3sinA=_1 = sin A cot A = WJi - sin2 A
tan A sec A : R
Tangent A = gin A = 1 = sin A sec A
cos A cot A
Cotangent A = cos A= _ 1 = cos A cosec A
sin A tan A
| Secant A = tan A = 1
‘ sin A cos A
Cosecant A = cot A = 1
: cos A sin A
o —e——- cotan A-------- »
! , S
/_L' )G y
N =.< ”t L a
B e
, ﬂ H T2 \ N
o é;f“ 1 <
’”° ‘.1:”
e \“,o_F:' :m- ver :
N\ M:lql\ H “Tein A -:--;
\\‘,,‘
e——radiug=1------ ;




sin A cos B + cos A sin B

sin (A + B)

cos (A + B) = cos A cos B ¥ sin A sin B

-+
o
fo
>
+

+ B) = tan A + tan B

1 + tan A tan B
cot (A+ B) = cot Acot B+ 1
cot B + cot A

(]

sin A + sin B = 2 sin 1/2 (A + B) cos 1/2 (A - B)
sin A - sin B = 2 cos 1/2 (A + B) sin 1/2 (A - B)

sin (A + B)
cos A cos B

tan A + tan B

sin'(A - B)

' tan A - tan B
syt cos A cos B

cos A + cos B 2 cos 1/2 (A + B) cos 1/2 (A - B)

cos B - cos A 2 sin 172 (A + B) sin 1/2 (A - B)"

cot A + cot B = sin (B + A)
sin A sin B

cot A - cot B

sin (B - A)
sin A sin B

sin 2 A = 2 sin A cos A
cos 2 A = cos® A - zin? A )
+tan 2 A = 2 tan A
1 - tan4 A \
cot 2 A =cot?2 A -1
.2 cot A
sin 1/2 A = \/E - cos A cos 1/2 A =-\/l + cos A
A 2 2
sin A=1 - cos 2 A cos? A = 1 + cos 2 A
2 2
- tan 1/2 A = sin A cot 1/2 A = sin A
1 + cos A ' 1 - cos A
tan2 =1 - cos 2 A cot2 A=14+ cos 2 A

x 1+ cos 2 A 1 -cos2A




2 2

sin® A - sin“ B = sin (A + B) sin (A - B)
sin A X sin B = tan 1/2 (A + B)

cos A + cos B

cos2 A - sin? B = cos (A + B) cos (A - B)

sin A X sin B = cot 1/2 (A + B)
cos B - cos A :
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Queadrant 1 u m v Angle Angle a < 90°

Asgies | 0° to 90 |90°t0 180° |180°te 2T0"|270* L0 300" 30 45 00° Angle sin e08 tan cot
Punctiess Values vary from Equivaleot va'ies ¢ ¢ ¢ 'y **
sin +0 to +1r+1 to +H0—C to —11—1 to ¥ [ MY2I4\E 0°+a | +8in a {+cosa|+tann| feots
cos [+ h+(1—0£o—l-lto—-d+0to+l M3 UNI| ¥ 90°+s ' -cora|fein & | Fcote | Ftans
tan ﬂMOl—GMWMw—OW'ﬁ My3| 1 V3| [180*+a) fein s |—cosn |ttana|teotn
oot MM&—OM+G‘M0*0M—O7 V3 1 KN3! |270s| —coss tsina|Fcetn




TRIGONOMETRIC SOLUTION OF TRIANGLES

b b
Given !Boughz\ Formulae
RigE™ANGLED TRIANGLES
s.¢ |ABbjsina=-, cos B =2, bey/ G—at
Y
Area |Area == ,/c'-a?
\ a b . ) -
a,b |5 B¢ anA-:-S. tan B = —, Com (/224 b7
Area Areq::*—*—z-tz-
A,a | B,bc o= 90°— -—
B = 90° A.~ bo=@ cOt A, Com A
A A =ej_cotA
2
A b ame— _ —_—
B.a. c B = 90°—A. a=D>b tan A, C= A
Area __’b“)anA
i 2
‘A, C B..,bi B = 90°—A, a==cC 8in A, bme=c cos A
cisin Acos A _ ciein2 A
Area | Area = 2 == ry

‘OBLIQUE-ANGLED TRIANGLES

1 (8-b) (8-C) 1 \’n(s-a) 1 \’(rb) (9=C)
81!1.2.A= -——-————"bc ,MEA— ——'—bc .“n!A- s (08)

s, bc A

1 (8-00_(5C) 15_ \Jeleb) 1 V|2 (0
B dnEBx: —-—'——"‘_'?‘c .(‘»052-8 V—‘_—'.c ,miB “’ s (3-b)

1 I (s-a) (8-b) . \,s (8C) 1 \’gs-a) (s-b)
C !in§C=\————ab .008§0== —1.—5—."‘050-_ s (#0)

Area | Area =V s (s-3) (s-D) (6-C)

asin B __asan__aaLn(A+B_1
aAB| bec | b =Tggpm C=—mA — snA
at sin B sin O

1 R
Aren Area miabnno_m 2 8in A

a. b A B llnBc—tl—s—‘f—A—°

asinC _ bsinC
—h A& — &n B’ =y a2 + b2-2 ab r0a C

c c =

Area | Ares ==%.me

a 8in C L,a =a-b 1
a.bo| A 1 A=T55530 " tan 5 (A-B) a+b°°t'§o
) - a8inC
c ¢ =y ait2abc0sC = ginA '

Ares ‘Am::% ab sin C

a?! = b? 4 c3—2bc, cod A, b=a? + c3—2 8 c co8 B, cl-= 83 + b>—22bcow O

EMC GPO a‘aa-ue 151,
— | 169




